Lecture 5

Actually, some differential equations (Bessel’s equation, for instance) have solutions of a more general
form, namely, power series times a single power of x

o0

y(x) =z Z anx". (1.2)

n=0
We will show how the Power Series Method can be generalized to such equations. The generalized
Power Series Method is known as

Frobenius Method.

[Reading: EK, Chapter 4]

Power Series

DEFINITION 12 A power series (in powers of x — z) is an infinite series of the form

[e.e]

y(x) = Zan(x—xo)” = ag + a1(z — ) + ag(x — 20)* + ... , (1.3)

n=0

where a,, are coefficients of the series, x is called the centre of the series and x is a variable.

In the following we take xy = 0. This does not mean that we consider only a particular case because
we always can treat x — zy as a new variable, say, £. In addition, we shall assume that all variables
and constants are real.

EXAMPLE:

1 —_—
1—ax

Zz”:1+m+x2—l—m3+ ...... (Jz| < 1) (1.4)

n=0

[Check by multiplying both sides by 1 — x|

EXAMPLE:

2 l.3

PN T z? @
e —Zom—l+x+2!+3!+ ...... (1.5)



This formula follows from the Taylor series expansion for a given function f(x) at the point z =0

X f£(n)
fy =3 T 0 (16)

n

Here f(™(0) denotes the n-th derivative of the function f(x) at # =0 and n! =1 x 2 x 3...... X n.
[Note that L-[e”] = e® and, therefore, f™(0) =1
Convergence of power series (1.3) is understood in the usual sense:

lim Zana:” exists.

The series (1.3) defines a function y(z) on interval I = (2o — R,z9 + R) (I = (=R, R) for 2y = 0),
where R is the radius of convergence given by the formula:

1

— — lim |a,|* 1.7

7 =l o (17)
or

1 n

R r}ggo aa: (18)

For the power series (1.4), a, = 1 and formula (1.8) gives R = 1.
For the power series (1.5), a, = 1/n! and formula (1.8) gives R = 0.

IMPORTANT Most of the elementary functions can be presented as power series. A function
defined by a power series is continuous and differentiable in /. The derivative can be computed by
differentiating the series term by term. The resulting power series for the derivative has the same
radius of convergence R. Therefore, any derivative of the function can be computed. The power
series can be integrated term-by-term within the interval of its convergence.

THEOREM 6 [Identity Principle] If

ianx" =0 (1.9)
n=0

for any x € I, then a,, = 0 for n > 0.

PROOF Take z = 0 in (1.9) and deduce that ag = 0. Now the summation in (1.9) starts from
n = 1. Divide both sides of (1.9) by z, take 2 = 0 and deduce that a; = 0. Continue the procedure
and obtain that a,, = 0 for n > 0.



POWER SERIES METHOD

THEOREM 7 [Fuch’s (1833-1902)] Consider the differential equation

y" +p(x)y +q(x)y =0
with initial conditions
y(O) = K[), y/<0) = Kl-

If both p(z) and ¢(z) have Taylor series, which converge on the interval I = (—R, R), R > 0, then
the IVP has unique power series solution y(z), which also converges on the interval .

Radius of convergence of the series solution is at least as big as the minimum of the radii of conver-
gence of p(z) and ¢(x).

EXAMPLE: Let us consider how to obtain a power series solution for the homogeneous Legendre
equation

(1 -2y —2zy' +m(m+ 1)y =0 (1.10)
or, in standard form,
2z m(m + 1)
" - ' =0 1.11
S L * 1—22 777 (1.11)

where m is integer.

In Fuch’s theorem,

p(x) — — _9 Z l’Qn—H ZE m(m + 1) Z 22
n=0

1—:v2

with radius of convergence R = 1, see (1.4). Therefore, equation (1.11) (and correspondingly, equa-
tion (1.10)) has two linearly independent solutions in the form of power series, see Theorem 5.

The power series solution has the form

= ianx". (1.12)
n=0

Substitute (1.12) into (1.10)

(1 — 2? Znn—lan —QxZnannl m—l—l)Zanx”:O.
n=2 n=0
By algebra
Znn—lan”2+z n(n—1) —2n+ m(m + 1)]a,z" = 0. (1.13)
n=2
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In the first term, we introduce n — 2 = k which gives

[e.9] o0 oo

> n(n—1)aa"? = (k+2)(k+ Dageor® =Y (n+2)(n+ 1)aya". (1.14)

n=2 k=0 n=0
Equations (1.13) and (1.14) provide

> {(n+2)(n+Dapsz — [n(n—1) + 20— m(m + Day}a" =0 (-1 <z <1).

Identity Principle gives

(n+2)(n+ Dagio — [n(n—1) 4+ 2n —m(m + 1)]a, =0 (n>0)

and

_nP4+n—m*—m  (n—m)(n+m+1)
(pyo = ot (n+2) ay, = S a, (n>0). (1.15)

If ap = 0 and a; # 0, then the even coefficients ag, are zero, according to (1.15,) and the solution is

y1(z) = a1 + azr® + oo (1.16)
where
(1 =m)(2+m) CB=m)d+m) (1-m)B—m)(2+m)(4+m)
a3 = 1.2.3 ay, as = 1.5 as = 1.2.3.4.5 ALy eeenennnn
Lecture 6

If a; = 0 and ag # 0, then the odd coefficients asy1 are zero, according to (1.15,) and the solution is

Yo () = ag + agx® + oo (1.17)
where
e — —m(l—i—m)a o (2—m)(3—|—m)a B (O—m)(2—m)(1+m)(3+m)a
2——12 0, 4 = 3.4 9 = 1.9.3.4 Oy eernneenn

If m =0, then ay = 0, ay; = 0 and so on. Therefore, the power series for y;(z) consists of infinite
number of terms but ys(z) = ay.

If m =1, then ag = 0, a5 = 0 and so on. Therefore, asx,1 = 0 for £ > 1. In this case, the power
series for yo(x) consists of infinite number of terms but y;(x) = ayz.



If m = 2, then ay = —3ayg, ay = 0 and so on. Therefore, y;(z) is given by infinite series but

Y2 () = ag + agz® = ag — 3apr® = ap(1 — 32?).

Solutions y;(x) and ya(x) are linearly independent (Why?) and a general solution of (1.10) is

y(r) = ciyi(z) + caya(),

where y;(z) and yo(z) are given by power series (1.16) and (1.17), correspondingly. These power
series converge on the interval (—1,1).

At the end of Lecture 3 it was shown that equation (1.10) with m = 1 has two solutions

1+:c>

T
() =z, ya(x) +5log(—

2

It is seen that yo(z) is singular at x = £1 but y;(x) is regular.

IMPORTANT A regular solution of Legendre equation (1.10) exists if and only if the number of
terms in (1.16) or (1.17) is finite.

If m is even, then the solution (1.16) is singular at x = £1 but the solution (1.17) is regular.
If m is odd, then the solution (1.17) is singular at = %1 but the solution (1.16) is regular.

IMPORTANT If m is not integer, then there is no regular solution of (1.10).
LEGENDRE POLYNOMIALS

DEFINITION 13 For integer m a regular solution of (1.10) which is equal to unity at x = 1 is
known as the Legendre polynomial, P,,(x), of degree m.

EXAMPLE:

m=0: y(zr)=ag, a2, =0 (n>1); y(l)=1 = a=1 = |Rz)=1

m =1 y1<I>:a1$, azpy1 =0 (nZl); yl(l)zl — =1 = Pl(x):x

m=2: y(x) = ay— 3apx?, az, =0 (n>2);

1
p(l)=a(l1-3-1)=1 = a=-1 = |P(z)= 5(3952 —1)
m=3: y3(z) =amz—2a2®, y(l)=a(l-2-1)=-3u=1 =

[\eJ[oV]

ap = —

= |P3(z) = %(5x3 — 3x)
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Figure 1. Legendre polynomials Py(x), Pi(x), Pa(x), Ps(z), Py(z).

It is not easy to calculate the Legendre polynomials of higher degrees in this way.

It is more convenient to use Rodrigues’ formula

1 d”
Pu(®) = 5 qan

We do not prove formula (1.18) in this module but we demonstrate how it works

[(2* = 1)"]. (1.18)

— _ 2 01 __
m =0 Po(l‘)—zo—o!@[(x -1 =1
1d ., g, ld,,
1 d 1 d
=2 = [(a* = 1) = —2(z*—1)-22] = =(32* — 1
m () = Sz sl(a® = 1) = 5 267 = 1) 20] = S(32° — 1)

Calculate Py(z) using Rodrigues’ formula (1.18).

Comment Sometimes the Legendre polynomials are defined by (1.18).

The Legendre polynomials can also be calculated step by step using the following recurrence relation




(n+1)P1(x) — (2n+ DaP,(z) + nP,—1(z) =0 (n=1,2,3,....) (1.19)

EXAMPLE:

You are given Fy(z) = 1 and P;(z) = z. Derive formulae for the Legendre polynomials using (1.19).

1
n=1: 2-Py(x) —3xP(x) +1-Py(z) =0 = 2Py(z) —32° +1=0, Py(z)= 5(3;1:2 —1)

n=2: 3-P3(z)—5xPy(2)+2-Py(2) =0 = 3-P3(:1:)—gx(3x2—1)—|—2x =0, P3(z) = %(5353—3@
EXAMPLE:

Calculate P4(0).

Take n = 3 in (1.19).

3 3 1 3
4P;(0) —0+3P(0) =0, = P4(0) = _ZPQ(O) =7 5(3 0% 1) = -

Derivatives of the Legendre polynomials can be calculated using the following recurrence relation

P (z)=P,_(z)+ (2n+1)P,(x). (1.20)
EXAMPLE:

Calculate Pj(x) by differentiating the formula for Ps(z) and by (1.20).

DEFINITION 14 A system of functions ¢,(x), (n = 0,1,2,...), is said to be orthogonal on the
interval (a,b) [or the functions ¢,(x) are said to be orthogonal| if

/ (@) om(x)dz =0 (n £ m).

DEFINITION 15 A system of functions ¢, (z), (n = 0,1,2,...), is said to be orthonormal on the
interval (a, b) if the system is orthogonal and

b
/ ¢ (z)dz = 1.



THEOREM 8 The Legendre polynomials P,(x), n > 0, are orthogonal on the interval (—1,1).

PROOF Subtract the differential equation (1.10) for P,(x) multiplied by P,(x) from (1.10) for
P,,(x) multiplied by P,(x):

[Hint: [(1 —2z?)P)) = (1 — 2*)P” — 2z P! and compare with (1.10)]

[(1—-2*)P )P, — [(1 —2* PPy +m(m+1)P,P, —n(n+1)P,P, =0

or

(1 —2*){P., P, — P.P.}) + (m —n)(m+n+1)P,P, =0

Integrate the latter equation over the interval (—1,1) and note that the integral of the first term
vanishes. Therefore,

1

(m—n)(m+n+1) / P, (x)P,(x)dx =0

-1

and

/ P(x)P,(x)dx =0 (n#m). (1.21)

Lecture 7

THEOREM 9 A system of functions {/n + %Pn(x), (n=0,1,2,...), is orthonormal
on the interval (—1,1).

PROOF The system of functions y/n + 3P, (), (n = 0,1,2, ...), is orthogonal on the interval (—1,1)
according to (1.21). We need to show that

1
2
P (z)dz = =0,1,2,.... 1.22
| Prayr =52 =012 (1.22)
Replace n by n — 1 in (1.19) and multiply the result by (2n + 1)P,(x) [n > 2]

n(2n + 1)P(z) — (2n — 1)(2n + 1)aP,_1(z) Po(x) + (n — 1)(2n + 1) Py_o(2)Py(z) = 0. (a)
Multiply (1.19) by (2n — 1)P,_1(z)

(n+1)(2n — 1) Poy1(2)Py_1(2) — 20+ 1)(2n — DaP,(2)P,_1(z) + n(2n — 1)P?_(z) =0
and subtract from (a):
n(2n+1)P?(x)+(n—1)(2n+1)P,_s(z) Py (x) — (n+1)(2n—1) Py (2) Py (v) —n(2n—1)P?_,(z) = 0.

8



Integrate this relation over the interval (—1,1) and use (1.21)

/_1 P2(z)dx on —1 /1 P2 (x)dz  (n>2).

) T oa+l)

Repeated application of this formula gives

! 2n—12n—-3 (! 2n—3 (!
/Pﬁ(x)dx— r n 3/ P? ,(v)dz r 3/ P? ,(r)dw

. T t+12n—1/, T oa+1/,
2n —32n -5 [! 2n —5 [! 2n — (25 —1) [*
= " / P? ,(r)dw = r / Pfg(q;)dx:...zw/ P2 (r)dx.
2n+12n—-3 J_,4 2n+1 ), 2n+1 "

For j =n — 1 we have

! 3 ! 3 ! 2
P2(2)dz — P2(2)dz — / 24 — ,
/_1 n(z)de 2n—|—1/_1 w)de 2n+1 _1$ EDT

Expansion of functions in series of Legendre polynomials
Consider a function f(z) defined in the interval (—1,1).

Is it possible to present this function as a series of Legendre polynomials

flz)= Z cn P () (1.23)

and, if yes, how to find the coefficients ¢, in (1.23)%
Coefficients ¢, are obtained by multiplying (1.23) by P,,(x) and integration the result term by term
over the interval (—1,1). Using (1.21) and (1.22), we find

1
2
P, (z)dz = "
[ t@Pu@ir = 5=
and, therefore,
1 1
e = (n+ 5)/ f(z)Py(x)da (n=0,1,2,....). (1.24)
-1
THEOREM 10 If a function f(x) is piecewise smooth in (—1,1) and if the integral
1
| e
-1

is finite, then the series (1.23), with coefficients ¢, given by (1.24), converges to f(x) at every
continuity point of f(x) and to

[f(z = 0) + f(z +0)],

N | —

if x is a discontinuity point of f(z).



EXAMPLE:

Consider f(z) =0, where —1 < z < «, and f(z) = 1, where a < z < 1. According to Theorem 10,
this function can be expanded as a series of the form (1.23) with coefficients

cn=(n+ %)/a P,(z)dx

Integrate (1.20)
Fra(w) = B y(2) + 2n+1)Poy(z) (n>1)

from « to 1 and note that P,(1) = 1:

1

1—Po(a)=1—P,1(a) + (2n + 1)/ P,(x)dz.

«

We find 1 1
e = —5lPuri(a) = Pa(@)] (n21), ¢ =5(1-a)

The series has the form

1 1
fl@)=S(1=a) = 5 [Pun(a) = Pia(@)]Pa(x), (1 <z <1). (1.25)
2 2~
EXAMPLE:
Consider f(z) = /(1 —x)/2, where —1 < x < 1. According to Theorem 10, this function can be

expanded as a series of the form (details are not given)

1—z 2 > P, (x
v/ 5 =3 h() - 2y e 1)((2;%), (-1 <z <1). (1.26)

n=1

10
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Lecture 8

Power Series Method can be used to find solutions of many important differential equations in stan-
dard form with coefficients which can be presented by power series.

Consider Airy’s equation

y" —xy =0, (1.27)

which is important in theory of surface waves.

Substitute the power series (1.12) into (1.27)

Zan (n—1)z Zan =

Replace n — 2 by m in the first series and n + 1 by m in the second one

2a9 + Z{am+2(m +2)(m+1)—ap1}tz™ =0

m=1

Identity Principle gives ay = 0 and

am
At = :
P (m+3)(m+2)
Consider two cases:
(a) ag # 0, a; = 0 with the solution
3 8
= 14—+ —+ ... ;
o) =all + o3+ g5t
(a) a; # 0, ap = 0 with the solution
xt z’
Yo(r) = ar[x + + + ]

3-4 3-4-6-7
These two solutions are linearly independent (Why?) and a general solution of Airy’s equation is
given as

y(r) = agyi () + ar1y2(x).

13



FROBENIUS METHOD

Consider more general form of H-LODE2 than that in the Power series method

Pr) ,, Q)

T 2

y"' + y =0, (1.28)

where both P(z) and Q(z) can be represented by their power series

Pl) =Y pua”, Q@)=Y gua" (ja| <R). (1.29)

If po =0, go = 0 and ¢; = 0, we arrive at the conditions of the Theorem 7 with non-singular coeffi-
cients of the differential equation .

DEFINITION 16 The singular point = = 0 of the differential equation (1.28) is called
regular singular point if the functions P(z) and Q(x) can be represented by their power series (1.29).
Otherwise x = 0 is called irregular singular point.

The idea of the Frobenius Method is based upon the following form of a solution of the second-order
differential equation (1.28) with regular singular point at « = 0:

y(z) =Y aa"t, (1.30)
n=0

where coefficients a,, and constant a are unknown and should be obtained in such a way that function
(1.30) satisfies differential equation (1.28).

We represent (1.28) in the form

22"+ zP(x)y + Q(x)y = 0, (1.31)
and substitute (1.30) and (1.29) into (1.31):

> anfn+a)n o= 104+ {3 o+ )+ {3 {3} =0

It is seen that the left-hand side in the latter equation contains powers %, z®*!, %2 and so on. We
have

apla(a — 1) + poa + qo)z* + {ar[a(a + 1) + pola + 1) + qo] + aolaps + @] }z*™ + ... =0  (1.32)

Divide both sides of the equation by x®. The resulting polynomial on the left-hand side is identically
zero if all its coefficients are zero (see Identity Principle). Therefore,

14



aola(a — 1) + poa + qo] = 0, (1.33)

arfa(o+ 1) + po(a+ 1) + qo] + aolapr + @] =0, ... (1.34)

If ap = 0 in (1.33), then a; = 0 as it follows from (1.34). Analysis of the higher order terms in (1.32)
reveals that a, = 0, n > 1 in this case and we arrive at the trivial solution y(z) = 0, which is of no
interest. Therefore, ag # 0 and (1.33) provides the equation with respect to «

ala—1)+poa+q =0 (1.35)

Equation (1.35) is known as indicial equation.

THEOREM 11 If z = 0 is a regular singular point of the differential equation (1.28) and «y, as
are real solutions of the quadratic equation (1.35) such that a; > as, then

(a) there exists a solution y;(z) of the form (1.30) with o = ay;
(b) if @y — a2 is not an integer, then there exists a second solution y,(z) of the form (1.30) with a = ax;

(c) if oy — g is integer, then there exists a second solution of the form

ya(x) = Cyy(x) logx + Z bz,

n=0

Solutions y(x) and yo(z) are linearly independent.

(d) if cy = g, then equation (1.28) has two linearly independent solutions

o0
y1<£L‘) _ Zanmnﬂn’
n=0

yo(x) = y1(z) logz + Z bttt

n=0

Bessel’s differential equation

Solutions of the second-order linear differential equation

22y +ay + (2 — 1)y =0, (1.36)
are known as cylinder functions or Bessel functions. Here v is a positive parameter and —oo < x <
oo. Equation (1.36) is known as Bessel’s equation of order v. In many applications, one considers a
special case where the parameter v is positive integer or zero. This case is much simpler than the
case of arbitrary v. It will serve here to introduce the general theory of Bessel functions. In the
following, v = m, where m =0,1,2, ...

Divide (1.36) by z* and present the Bessel’s equation in standard form (1.28)

15



1 x
'+ —y + —5—y =0, (1.37)
x x
Comparing (1.37) and (1.28), we conclude that P(x) =1 and Q(x) = z* — m?.
Equations (1.29) gives
p0:17 pnzo(nz]-)?
QO:_mzv Q1:07 q2:1a QHZO(’I’LZ?))
The indicial equation (1.35) has the form
ala—1)+1-a—m?*=0.
Both solutions a; = m and ay; = —m of this equation are real. Note that a; — ay = 2m is integer

and equals to zero if m = 0.

Theorem 11 (c, d) gives that two linearly independent solutions of the Bessel’s equation (1.36) can

be represented in the forms

Z a,x" (x) = Cyy(x) logx + Z by if m>1
Z anz™,  y2(x) = y1(7)logw + Z byt if m=0.
n=0
Lecture 9

Consider v = m, m > 0, and a solution of the Bessel’s equation

o)
— § :anxn—l-m

n=0

Substitute (1.40) into (1.36). By algebra

Z an(n+m)(n+m—1)z"*" + Z an(n +m)z™™ 4+ (2° — m?) Z A"t =

n=0 n=0

Z[(n +m)(n+m—1)+ (n+m) —m?a,z""" + Z apz" T =0,

n=0 n=0

x
E n(n + 2m)a,z" ™ + g apz" T2 =0,
n=0 n=0

16
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ag-0-(0+2m)z™ +ap-1-(1+2m)z™ + Z n(n +2m)a,z" " + Z Ap_ox™ ™ = 0.

n=2 n=2

Identity principle gives

a; =0, n(n+2m)a, + a,—2 =0 (n > 2).
Replace n — 2 by k, then

k+2)(k+2+2m) (k> 0). (1.41)

Recurrence relation (1.41) and equality a; = 0 provide that az = 0, a5 = 0 and as,41 = 0. If ap =0,
then the solution is zero.

ak+2:_(

If ag # 0, then (1.41) gives

Qo Qo
Ao = — [—
2T 0+2)(0+242m) 2-1-(m+1)
Qo
(g = )
24.1-2-(m+1)(m+2)
Qo
A = — 7 T T T T T oy e

20.1.2-3-(m+1)(m+2)(m+3)’
Substitute the obtained coefficients into (1.41):

. m ) 24+m o 4+m
v(e) =0t = T T E T mt D)
Qg 6+m

T26.1.2.3- (m+ L)(m+2)(m+3)"

and

B “me{l_m@yﬂ-z : (m+11)(m+2) (94_1 2.3 (m+ 1;(m+2)(m+3) (g>6+}
The solution y; (x) with
1

Gy = - ——

- 2mm

is known as the Bessel function of the first kind of order m J,,(z)

() = (g)m{% B mgy T (71n+2)! (94 S 1.2-3 -1(m—|—3)! G)G * }

17



- @)m%k!((kj)m)( > Zk:' k+m ( )2k+m' (1.42)

In particular,

0o =1 5(5) + @pE) - @R -
o =5{1-15() + m(3) - sm(3) -}

The radius of convergence R of the power series (1.42) is calculated using (1.8) with

_ (=DF
A= k(K +m)!
1 ~ lim Akﬂ‘ _ ( 1)’chl k!(k—l—m) T 1 ~0

Therefore, R = oo and the series (1.42) converges for any x from —oo to oo.

Bessel functions are shown in Figure 4. Bessel function J,(x) has an infinite number of zeros x,,
Jo(znr) = 0, k > 1. All the zeros of J,,(x) are simple, except the point x = 0, which is a zero of order n
if n > 0.

Second solution of the Bessel’s equation (1.36) is calculated in the form (1.38) [or (1.39) if n = 0].
These solutions are singular at x = 0. Bessel functions of the first kind are regular solutions of the
Bessel’s equation (1.36).

THEOREM 12 The Bessel functions of higher order can be expressed in terms of the two functions
Jo(x) and Ji(x).

PROOF Multiply (1.42) by 2" and differentiate the result

ddq:[ "l [a:”ki;o EX( k—l—n < >2k+n} - di[g El(k +n)! ( >2k+2n]
L i’f:;“ (o) - S ey

S (SDf pymeeer
=a gm@ = "o (2).

[z" T, ()] = 2" 1 (2) (n>1) (1.43)

d
dx
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-0.4 | e
0.6 1 1 1 1
0 1 2 3 4 5
"BS04.0UT" u 1:2 "BS04.0UT"u 1:4 -------- "BS04.0UT"u1:6 ——--

"BS04.0UT"u 1.3 ----—-—-- "BS04.0UT"u 1.5

-0.6 L .
0 5 10 15 20
"BS04L.OUT" u 1:2 "BS04L.OUT"u 1:4 -------- "BS04L.OUT"u 1:6 ———-
"BS04L.OUT"u 1:3 ------- "BS04L.OUT"u 1:5

Figure 4. Bessel functions J,(x), n =0,1,2,3,4, for 0 < x < 5 and 0 < x < 20.
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Multiply (1.42) by =™ and differentiate the result to obtain

%[QJ_”Jn(l’)] = —x " Jps1(x) (n>0) (1.44)

Perform differentiation in (1.43) and (1.44), multiply the results by =™ and z", respectively:

@)+ J(@) = Jaa(@), == da(@) + Toe) = —uaa(2).

Combine these two equations and obtain the following recurrence relations satisfied by the Bessel
functions:

Jn-1(x) + Jpy1(x) = ?Jn(x) (n>1), (1.45)
Ta) = —5lha(@) ~ @] (0> 1) (1.46)

In addition,

Jo(x) = —i(x),
which follows from (1.44) with n = 0.

Relation (1.45) makes it possible to express Bessel functions of higher order in terms of the two
functions Jo(x) and J;(z). For example,

n=1: Jo(z)=(2/x)i(x) — Jo(x)

n=2: Jyz)=(4/z))o(z) — Ji(z) = (8/x* — 1)J1(z) — (4/x)Jo(x).

Lecture 10

REMARK

Recurrence relations (1.45) and (1.46) are valid for Bessel functions of arbitrary real order v (not
necessary integer!).

THEOREM 13 The Bessel functions of order n + %, n =0,+1,4£2,... can be expressed in terms of
elementary functions.

PROOF
Consider the Bessel’s equation (1.36) for v = +1

20



1
22y + zy + (2? — Z)y =0. (1.47)

The solution of this equation is sought in the form

y(x) = 2720(), (1.48)
where v(x) is a new unknown function. Substitute (1.48) into (1.47) and check that the equation
becomes

3
2

z2[v" +v] =0.

Functions vy (x) = sinz and ve(z) = cosx are linearly independent solutions of the latter equation.

Correspondingly, 273 sinz and 272 cosz are linearly independent solutions of the Bessel equation
(1.47). In standard notations

Ji(x) = <l>é sin J i(z) = (i>% COS T. (1.49)

T

Take n = % and n = —3 in (1.45), use (1.49) to derive

Jg(x) _ (i)% [sinx

2 )§ [cosx
T

—cos:c}, J,g(m‘):—(—

-+ sin a:] .
T

T €T

Recurrence relation (1.45) makes it possible to express Bessel functions of order n—i—%, n=0,%1,%2,...
in terms of trigonometric and power functions. Note that the Bessel functions J, 1 (x) are defined
only for z > 0 and are singular at x =0 if n < 0.

Zeros T, 1, of the Bessel functions of order n+3 are easier to compute than those of Bessel functions
of arbitrary order. In particular, T1p = (k—1)m k=1,2,3, ...

Expansions in series of Bessel functions

Consider J,(x) Bessel function of the first kind of real order v, v > —21, and the positive roots

27
Ty1 < Tyo < Tpz < ... < Ty < ... of the equation J,(z) = 0.

THEOREM 14 The system of functions T%Jl,(:v,,,kr /a), k > 1, is orthogonal on the interval
0<r<a.

PROOF The Bessel function J,(x) is the regular solution of the equation (1.36)

2y +ay + (2% — vy = 0. (a)
Consider new function wu,(r) = J,(ar). This function satisfies equation
1 V2
" / 2 o
U, + ;Ua + ( - T—2)Ua = 0. (b)
Indeed, the left-hand side of (b) can be transformed as
2

un + %ufx + <a2 — %)ua = & [J,,(cw*)} + %% [J,,(ar)} + <a2 — —> J,(ar)

21



7/2

o 2qn a g 2 _l 2.2 1 / 2.2 2
=ao”J](ar) + TJV(ozT) + (a )Jy(ar) = 7"2{& rJ) (ar) + ard,(ar) + (a re—v )J,,(ozr)}.

r2
The result is equal to zero, which follows from (a).

Correspondingly, the function ug(r) = J,(0r) satisfies the equation

" 1 l 2 I/2
ug + ~Us + (ﬁ - ﬁ)Uﬁ = 0. (c)

Multiply equation (c) by ru,(r) and subtract the result from equation (b) multiplied by rug(r):

v? 2

(b) x rug(r) — (¢) X rua(r) = rupug + u,ug + <oz2 — ﬁ>rua1w — PURU — Ul — (BQ — ﬁ>ruau5

d
= (a® — B*)ruqus — E{T(uau’ﬁ — ufxuﬁ)} =0.

Integrate the latter equation with respect to r from 0 to a and take into account that u,(r), ug(r)
and their first derivatives are regular at » = 0. Obtain

(o® = 3% /Oa rua(rjug(r)dr = afua(a)us(a) — ug(a)us(a)].
Here uy(r) = J,(ar) and ug(r) = J,(0r):

(o — %) /Oa rd,(ar)J,(Br)dr = a[J,(aa)BJ,(Ba) — ot (aa)J,(Ba)]. (d)

Setting o = z,, /a, § = x, ,/a, we find that the RHS in (d) is zero, which gives

/OarJ,,(x,,,kg)Jy(mmng)dr —0  (k#n). (e)

The latter equality implies that the system of functions T%J,,(x,,ykr /a), k > 1, is orthogonal on the
interval 0 < r < a.

In order to calculate the integral (e) for k = n, divide (d) by (a?—3?) and take the limit of the result
as  — «. Use L’Hospital’s rule as

/Oa +2(or)dr = lim { alJ,(aa)BJ,(Ba) — ad! (aa)J,(Ba)] }

Ga o — 32
s5ldu(@a) BT (Ba) — ) (aa) T, (Ba)ly  af V2
.. (o8 _
—a gl_)rré{ %[oﬁ — } =5 [Jyz(oza) + (1 — a2a2>J3(aa)].
Setting o = z,, ,/a, we find
a 2
| D = G, ()

22



By using (1.45) and (1.46) with 2 = =, ,, we have J,(v,.,) = —J,41(,, ), which makes it possible
to present (f) in the final form

CL2

@ r
/0 TJf(C(]l,’na)dT = ?Jg—i-l(xu,n) . (g)
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