480

Chapter 12 / Group Theory: The Exploitation of Symmetry

EXAMPLE 12-13
Suppose that I’ =3 0 —1 for C,,. Determine the ;s in Equation 12.23.

SOLUTION: We use Equation 12.23 as a sum over classes, in which case we have

1
a, = g[(” XB)x(M+2)x O x(D)+@B)x (=) x(1)]=0

1
ay, = g[(l) X@xM+@)xO) x(M+G)x (=) x(-D]=1

] i
ap = g[(ll XB)Xx@+@xO)x(=D+B)x (=) x 0] =1

orI‘:A2+E,

12-8. We Use Symmetry Arguments to Predict Which Elements in a
Secular Determinant Equal Zero

Recall from Chapters 9 and 10 that we encountered molecular integrals of the type

Hie f ¢,;,i}¢jdr and S, = f ¢ ¢,dt (12.24)

We will now show that integrals like these will be equal to zero if we choose ¢ and
¢; such that they belong to different irreducible representations. For simplicity, we
will prove this only for one-dimensional irreducible representations, but the result is
general. Let’s start with the overlap integral

S, = / &, dv (12.25)

This integral is just some number, and its value certainly cannot depend upon how we
orient the molecule. A symmetry operation of the molecule R transforms ¢, and ¢, to

Rc,b and qu respectively. The resulting (transformed) overlap integral is

ks, = [ Roioar

Because the value of §,; cannot change when we apply a symmetry operation of the
point group of the molecule

RS, = f R$; Rpdr = S, = f ;¢ dt (12.26)



12-8. We Use Symmetry Arguments to Predict Which Elements in a Secular Determinant Equal Zero

Suppose now that ¢ and qu are bases for the (one-dimensional) irreducible represen-
tations I' | and I',. If that is so, then

R¢; = x,(R)¢; and  R¢, = x,(R)g, (12.27)

In fact, Equations 12.27 are exactly what we mean when we say that ¢ and ¢, are bases
for the one-dimensional irreducible representations I', and I, (see Exarnple 12-9). If
we substitute Equations 12.27 into Equation 12.26, we nbtam

S, = X,(R)x,(R) f ¢ ¢,dt = x,(R)x,(R)S, (12.28)
Equation 12.28 requires that
X,(R)x,(R) =1 for all R (12.29)

Because x'.(f?) is either 1 or —1 for any one-dimensional irreducible representation,
Equation 12.29 is true only if Xﬂ(ﬁ) = Xh{ﬁ’), orif I, and I', are the same irreducible
reprcsemalion If x, (fé)q& xb(ﬁ) then x, [ﬁ']xb(ﬁ) will equal —1 for some symmetry
operation R, and the only way that S, canequal — —S,; in Equation 12.28 is for §;; toequal
zero. Thus, we have proved (at Ieasl for one- dlmenmonal irreducible represemauons)
one of the most useful results of group theory; namely, that S,; must necessarily be
equal to zero if ¢ and ¢, are bases of different irreducible representations.

Let’s apply this result to the H,O molecule (which lies in the y-z plane, Fig-
ure 12.6a) and evaluate S for a 2p_orbital on the oxygen atom (2p,,) and the sum
of the ls orbitals on the hydrogen atoms (ls, + Ls, ) This linear combination of
hydrogen ls orbitals is symmetric under all four operanom of the C,, point group, and
so transforms as A . We chose 1s,, + ls,, rather than ls, orls, mdlwdual]y for this
very reason. The 2 p, orbital on the oxy gen atom transforms as x, which transforms as
B, according to Table 12.7. Therefore, we can say that the overlap integral of 2p_, and
lsHA + lsH" is zero by symmetry. Table 12.7 shows that the same is true for 2p_‘,0, but
not for 2p ..

EXAMPLE 12-14

Show that the overlap integral involving 2p  and Is, + ls, + lch in the NH,
; L A 3

molecule (C, ) is equal to zero.

SOLUTION: The linear combination 1s,, -+ ]an + l.;Hc belongs to the totally sym-
CA

metric irreducible representation A, and, according to Table 12.9, 2 p,y belongs to E.

Therefore, the overlap integral is equal to zero.

[ |

The other integrals in a secular determinant are the H;; in Equation 12.24. The
molecular Hamiltonian operator is symmetric under all the group operations of the
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