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All questions may be attempted but only marks obtained on the best fou r  solut ions will 

count. 
The use of  an electronic calculator is n o t  permitted in this examination. 

. (a) What  is the input,  what is the output,  of the divison with remainder  algo- 
ri thm? What  is the size of the input? Prove an upper bound on the  number 
of elementary operations taken by the algorithm. 

(b) Give the definition of the least common multiple,  [a, b], of two numbers  a, b C N. 
Show that  (a,b)[a,b] = ab where ( a , b ) d e n o t e s  the  greatest common divisor of 
a and b. 

(c) Assume x, y, z E N and xy  = 124, x z  = 292. Wha t  are the possible values of 
xyz?  

. (a) Assume p is a prime, a l , . . . ,  ak E N, and pial • • • ak. Show that  plai for some i. 

(b) State and prove the fundamental  theorem of arithmetic. 

(c) Use the sequence F ( n )  = 22~ + 1, (n = 0, 1 , 2 , . . . )  to show tha t  there  are 
infinitely many primes. 

. (a) Define the inverse of a mod m. Prove tha t  the inverse exists and is unique if 
(a, m) = 1. Wha t  is the inverse of 17 mod 105? 

(b) Let Q denote the set of integers that  can be wri t ten as the sum of two squares. 
State the characterization theorem for Q. Show that  if q is a pr ime which is 
congruent to 3 mod 4, then q ~ Q. 

(c) Let a, b, m be positive integers. State and prove the theorem on the  solutions 
of the congruence ax =- b mod m. 

. (a) State and prove the Chinese remainder theorem. Find all solutions to the 
system of congruences 

x - 7 m o d 1 2 ,  x - 4 m o d 1 5 .  

(b) Determine the last two digits of the number  2 ~°°. 

(c) Assume f ( x )  is a polynomial with integral coefficients, and for m E 1~ let 
N m ( f )  denote the number of solutions to the congruence f ( x )  --- 0 mod m. 
Show that  N m ( f )  is a multiplicative function. 
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. (a) Define t he  o rde r  o f a  m o d  m. Show t h a t  if the  order  of a rood m i s  h and  
k e 1~, t h e n  the  order  of  a k is h/(h, k). 

(b) S ta te  and  prove Euler 's  cri terion.  How m a n y  solut ions are  there to the  con- 
gruence 2x 2 -- 46 mod  1037 

(c) S ta te  and  prove the  L e m m a  of Gauss  on quadra t i c  residues.  
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