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/ 

All questions may be attempted but only marks obtained on the best f o u r  solutions will 
count. 

The use of an electronic calculator is n o t  permitted in this examination. 

/ 

. (a) State and prove the fundamenta l  theorem of ar i thmet ic .  

(b) Let t ing ~(x) denote  the number  of pr imes p < x, prove tha t  ~(x)  ~> log(x) - 1. 

(c) Show tha t  there can be arbitrarily large gaps be tween  consecutive primes.  

. (a) State and prove the  Chinese remainder  theorem.  

(b) Find all solutions to the system of congruences 

x =-- 2 ( m o d h ) ,  

x -- 5 ( m o d 7 ) ,  

x ---- 3 ( m o d 8 ) .  

(c) Find all solutions to the congruence x 2 + 4x + 3 = 0 (mod 15). 

. (a) Let f ( x )  be a polynomial  wi th  integer coefficients, and  let p be a prime. Show 
tha t  there exists a polynomial  g(x), with  in teger  coefficients and  of degree at 
most  p -  1, such tha t  f i x )  -~ 0 (mod p) and g(x) ---- 0 (mod p) have exact ly 
the same solutions. 

(b) Define the te rm primitive root modulo  a p r imep .  Show tha t  3 s --= - 1  (mod 17), 
and hence tha t  3 is a primitive root modulo  17. 

(c) Solve, if possible, the congruences x 12 ----- 16 (mod  17) and  x n = 9 (mod 17). 
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. (a) Define Euler 's  totient function ~. W h a t  does it mean to say tha t  ~ is multi-  
plicative? 

(b) If 
k 

n =  p ~, 

i=1 

where  the  p~ are dis t inct  pr imes and  the  ai are positive integers, s tate  and 
prove a formula for qo(n) in terms of the  pi and a~. (It may be assumed tha t  qz 
is mult ipl icat ive.)  

(c) Show that ,  if ( a ,n )  = 1 and {x l , . . . , x~}  is a reduced residue system modulo  
n, t hen  so is { a x l , . . . ,  ax,.}. Hence prove Euler 's  theorem. 

. (a) Let p be  a prime. Show tha t  x 2 ~ - 1  (mod p) is soluble if p --- 1 (mod 4), but  
is insoluble if p = 3 (mod  4). (Any results assumed must  be clearly stated.) 

(b) Let p = 1 (mod 4) be a prime. Show tha t  p can be expressed in the form 
p = a 2 + b 2, with  a and  b integers. 

(c) Define the  Legendre symbol (p). Determine  whether  or not  the congruence 

x 2 + 4x = 7 (mod 101) has a solution. (Any results assumed must  be clearly 
s tated.)  
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