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All questions may be attempted but only marks obtained on the best four  solutions will 
count. 

The use of an electronic calculator is no t  permitted in this examination. 

1. ExplMn what is meant by a semisimple module. 

Let A be a finite dimensional associative algebra over a field F. If A is semisimple 
as a module over itself, explain briefly the main steps in showing that .4 is a direct 
product 

,,4 ~ Md~(D~) × . . .  x Mdm(O~) 

where D I , . . . ,  Dm are finite dimensional division algebras over Y. 

State and prove Maschke's Theorem. 

If G is a finite group and 

C[G] -~ Mdl(C) x . . .  x Mdm(C) 

state, with proof, an interpretation of m in terms of G. 

2. Define the trace, Tr(A), of an n × n matrix A and show that Tr(AB) = Tr(BA). 

If p : G -+ GLd(C). is a representation of the finite group G, define the character 
A'p, of p and prove that A'p is constant on conjugacy classes. 

Consider the group 

Ds = < x, ylx 4 = y2 = 1, yxy  -1 -~ X3 > . 

(i) Find the Wedderburn decomposition of Ds. 

(ii) Describe, up to isomorphism, all simple representations of Ds over C. 

(iii) Write down the character table of Ds. 
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. Let X , . . . ,  A'm be the distinct simple characters over C of a finite group. 

State the First  and Second Orthogonality relations for A ' I , . . . ,  Xm and show how 
the second is derived from the first. 

Let p : G ~ GLd(C) be a simple representation of G with character Xp. Give a 
formula which expresses the primitive central idempotent  Cp, associated with p, in 
terms of A'p. 

Find E o explicitly when 

G =  A4 = ( x , y , a [ x  2 = y 2  = (xy)2 = ~ r 3 =  1, crxa -1 = x y ,  cryo - 1  = x} 

and p :  A4 --+ GL3(C) is the representation 

(01o001)(1 01 001 / : 1 ;p(y) = 0 - 
0 0 - 0 0 - 

0 0 1) 
1 0 0 . 

0 1 0  

4. State Burnside 's  Theorem on groups of order paqb explaining all essential terms in 
the s tatement .  

Let G be a finite group and let X be the character of the representation 

p : G ~ GLd(C).  

If g E G show tha t  

(i) [X(g)l ~< d and 

(ii) IX(g) = d ¢ ,  p(9) belongs to the centre of GLd(C). 

[You may assume without proof tha t  p(g) is conjugate to a diagonal matrix.] 

Explain how (ii) is used to prove a nonsimplicity criterion for G. 

Show that  84, the group of permutat ions on 4 letters, is soluble by describing a 
composition series for $4 explicitly. 
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5. Let V, W be vector spaces over a field F. Explain, with reference to a suitable 
universal property, what is meant by the tensor product V Q~ W when dimF(V) is 
finite. 

If V, W are also algebras over IF, describe the corresponding algebra structure on 
V®FW. 

If G1, G2 are finite groups, describe the algebra structure on FIG1 × G2] in terms of 
the tensor product construction. 

Suppose that 

~[G~] = ~ x ~ x A x R x ~  

F~[G2] ~ ]I{ x F~ x M2(R) 

Find 

(i) the Wedderburn decomposition of II~[G1 x G2] 

(ii) the Wedderburn decomposition of C[G1 x G2] 

(iii) the largest degree of any C-simple representation of G1 x G2. 
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