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All questions may be attempted but only marks obtained on the best four  solutions will 
count. The use of an electronic calculator is not  permitted in this examination. 

You may assume that external (body) forces are absent. 

1. Write down the constitutive relation for an isotropic Newtonian fluid with constant 
density p and coefficient of viscosity # in terms of the stress tensor, a~j, and the rate 
of strain tensor, e~j. 

Assuming the Cauchy equations of motion, 

Dui O~ij 
P Dt  Oxj 

derive the Navier-Stokes momentum equations for an incompressible Newtonian fluid 
in the form 

p [~U + (U-~7)U] = - • p  + #V2U, 

in the usual notation. 

Write down a formula for the rate of energy dissipation per unit volume, ¢, in terms 
of the rate of strain tensor, e~j. Calculate the dissipation function ¢ for the steady 
Couette flow in a planar channel of width d with one wall fixed and the other wall 
moving with constant speed u0. 
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2. Incompress ib le  fluid of k inemat i c  viscosi ty ~ is conta ined  in a channel  between two 
paral lel  walls at  y ---- 0 and  y = d in the  (x, y)-plane.  The  walls of the  channel  perform 
per iod ic  osci l la t ions in the  x-d i rec t ion  wi th  the  speeds u -- u0 cos (wt) and 

u -- u l  cos (wt ) ,  at  y = 0 and  y = d, respectively.  Here u0, u l  are cons tant  and  there  
is no add i t i ona l  pressure  gradient  a long the  channel .  Verify t ha t  a t ime-periodic,  
un i -d i rec t iona l ,  flow is possible wi th  the  veloci ty profile of the  form 

u ( y , t ) = R e { e ~ t [ u l  sinh (ay)  sinh ( a  (d - y))]  
s inh (ad) ÷ Uo ~ -~-~) j J 

with  a -- (1 + i) ~w/(2~).  

Find  the  l imi t ing  form of the  veloci ty  profile in the  case of large viscosity, ~ --. oc, 
and  give a qua l i t a t ive  in t e rp re t a t ion  of your  result .  

. Incompress ib le  viscous fluid wi th  dens i ty  p and  k inemat ic  viscosity ~ flows s teadi ly  in 
an  inf ini tely long p lana r  channel  be tween  parallel  walls at  y --- 0 and y -- d in the  
(x, y) -plane .  A cons tan t  pressure grad ien t ,  Op/Ox -- -pG, is applied along the  
channel .  T h e  walls are  m a d e  of a p e r m e a b l e  mate r ia l  and the  fluid is injected into the 
channe l  t h r o u g h  the  wall at  y = 0 and  ex t rac ted  f rom the  channel  th rough  the  second 
wall  at  y ---- d wi th  the  same  velocity, v --- v~, in the  y-direct ion.  Show tha t  a 
two-d imens iona l  flow in the  channe l  is possible wi th  the x -componen t  of the  velocity 
vec tor  of t he  form 

v,~ exp(v,~d/~,) - 

D e t e r m i n e  the  y - componen t  of the  veloci ty  vector  in the flow. 

In  t he  case of weak  inject ion,  vw ~ 0, show tha t  the  flow reduces  to a Poiseuille flow 
due  to  a cons t an t  pressure  gradient .  

Discuss briefly the  case of s t rong suc t ion  th rough  the  lower wall, vw ~ - o e ,  wi th  the 
focus on the  near-wal l  layer of th ickness  y = O (Ivwl-1). 
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4. State the assumptions of the lubrication approximation for a two-dimensional flow in 
a narrow gap between two solid boundaries. 

Incompressible viscous fluid fills a narrow gap between a flat plate at y = 0 and a 
flexible wall at y = h (x, t) in the (x, y)-plane. Assuming tha t  the flow is governed by 
the lubrication approximation, show tha t  

h t =  1 (h3px)x 
12# 

where p = p (x, t) is the pressure in the gap. 

The pressure along the gap in the range x > 0 varies according to 

P = Po xrn+l 
m + l  

with some constants P0 and m. Show tha t  the shape of the boundary can take a 
self-similar form, 

h ( x , t )  = t ~ H  (~),  ~ = x / t  ~ 

provided that  
l + 2a ~ H , =  Po 

a H +  ~2~ "" -~ 12# @mH3)' " 

Derive an implicit solution, ~ = ~ (H) for the case c~ = - 1 ,  rn = 2 when ~ > 0. 

5. Show that  the streamfunction in a two-dimensional, slow steady flow of 
incompressible fluid satisfies the equation 

An axisymmetric slow flow is governed by the equation for the streamfunction of the 
form D 2 (D2¢) = 0 where 

D2 02 s i n 0 0  ( 1 ; )  
- Or - - 7  + r ----~ O0 sin 0 

in spherical polar coordinates. Derive the Stokes solution for the flow past a sphere of 
radius a placed in a uniform stream with the speed uoo. 

You may assume the continuity equation 

1 0 1 0 
r 2 0 r  (r2ur) + - ( u o s i n O ) = O .  

r sin 000 
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