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All guestions may be attempted but only marks obtained on the best four solutions will
K count. The use of an electronic calculator is not permitted in this examination.

With the exception of question 4, you may assume that external (body) forces are absent.

1. A container of volume V' with fixed solid boundaries is filled with an incompressible
viscous fluid with constant density p and coefficient of viscosity p.

Using the Cauchy equations of motion,
Dui _ 301-3-
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derive the equation for the rate of kinetic energy dissipation in the form
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Hence, or otherwise, derive the following equation for the rate of energy dissipation in
a Newtonian fluid,
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where ® = 2pe;;e;; is the dissipation function and e;; is the rate of strain tensor.
[Hint: You may assume the constitutive relation,

Oij = —pbi; + 2ue;;,

in the usual notation.]
Derive an exact solution of the Navier-Stokes equations for the time-periodic,
uni-directional, flow of an incompressible viscous fluid with kinematic viscosity v past

an infinite flat plate oscillating parallel to itself with the speed u = uq cos (wt) . Here
up and w are constant.
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2. Incompressible fluid of kinematic viscosity v and density p is in a channel formed by

two parallel plates at y = 0 and y = h. The fluid is at rest initially. At time¢{=0a
constant pressure gradient,

op

F
is applied and is held constant thereafter. Verify that a uni-directional flow is
possible and show that the flow velocity at £ > 0 can be found in the form

—pG)

u(y,t) = U (y) + Z C.e*tsin (E—Z—y> X
n=1

Find the time-independent component, Uy (y), the constants A, and the values of the
constant coefficients C; and Cs in terms of G, h and v.

Discuss qualitatively the flow development at early times, t — 0+, with reference to

the flow in three separate regions, namely in the main part of the channel and in two
thin boundary layers near the channel walls.

3. Incompressible viscous fluid of kinematic viscosity v is in a two-dimensional steady
flow in the (z,y)-plane. The pressure gradient in the flow is absent, Vp = 0. It is also
known that the z-component of the velocity vector is independent of z. Show that
the y-component of the velocity vector is then independent of y and derive the
following reduced form of the Navier-Stokes equations for the flow:

v(z)u'(y) = vu’(y)
u(y)v'(z) = w'(z)

in the usual notation. Hence show that the flow is only possible if either u (y) or v (z)
is constant.

Consider the case u (y) = ug = const > 0. Derive a solution for the v component in
the region —oo < z < 0 with the conditions v (—o00) = vy = const > 0,v (0) = 0.
Describe qualitatively the flow that this solution represents.
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4. State the assumptions of the lubrication approximation for a steady two-dimensional
flow in a thin film of a heavy incompressible viscous fluid on a horizontal flat plate at
y=0.

The boundary of the liquid film exposed to air is given by the equation y = h (z) . The
fluid surface is subject to a constant atmospheric pressure and a prescribed tangential
stress, uOu/0y = 7 (x) , where y is the viscosity coefficient of the fluid. Derive, using
the lubrication approximation, the equation for the film surface in the form

d (7.5 pg,sdh\ _
dm(Qh Shdx =0,

where p and g are the fluid’s density and the acceleration due to gravity, respectively.

The tangential stress is constant, T = 79, in the region z < 1 where the film thickness
is assumed uniform, k = hy. Downstream, in the region z > 1, the tangential stress
decreases so that T (z) = 7oz7Y/2. Show that the film thickness in the downstream
region can be found in the form h (z) = A z'/ and determine the admissible values of
the constant coefficient h; in this solution in terms of the parameters 7y, ko, p and g.
Show that there are no solutions in this form when

2

To < 3 hgpg.

5. Show that, for slow steady flow of incompressible fluid, the vector potential A

satisfies the equation :
V2 (V*A) =0.

A circular cylinder of radius 7o has its centre at the origin of coordinates z,y. The
Cartesian velocity components in the flow far from the cylinder are u = ugy, v = 0,
where ug is a constant. Show that the streamfunction for the flow around the
cylinder can be written as

¥ = = o () + 91 (1) cos (26)),

in the polar coordinates 7, #. Hence, or otherwise, verify the following solution for the
streamfunction:

P = % [7"2 —rg—r72 (r2 — 7‘8)2003 20 — 2r2In (L)] :

To
[Hint: You may assume that
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