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All questions may be attempted but only marks obtained on the best four solutions will
count. The use of an electronic calculator is not permitted in this ezamination.

You may assume that external (body) forces are absent.

1. Write down the constitutive relation for an isotropic Newtonian fluid in terms of the
stress tensor, 0;;, and the rate of strain tensor, e;;.

Starting from the Cauchy equations of motion,

th N 8117:,"

derive the Navier-Stokes momentum equations for an incompressible Newtonian fluid
in the form

P [%Itg +(U-V) U] = —Vp+puV?U

in standard notation.

The rate of strain tensor in a steady two-dimensional flow is given by the relations
€z = @, €y = €y = 0, €y, = —a, where a is a constant and the usual notation is
assumed for the coordinates and velocity components in two dimensions, namely
T1 =2, Ty =Y, U1 = U, up = v. Show that a flow of incompressible viscous fluid is
possible with such a rate of strain tensor and determine the velocity and pressure
distribution in the flow. Give a qualitative interpretation of the flow obtained.

2. Incompressible viscous fluid with kinematic viscosity v fills a two-dimensional
channel formed between two parallel plates, 0 < y < d, —00 < = < 0. The lower wall
of the channel, at y = 0, oscillates parallel to the z-axis with velocity u = ug cos (wt),
where ug and w are constant. Show that a uni-directional flow is possible with the
velocity component in the z-direction of the form,

_ it SIDH [)‘ (d— y)]
u = uRe {e sinh (\d) } ’

with A = (1+ 1) (w/2v)"?. Hence, or otherwise, obtain the velocity distribution in
the channel in two limiting cases, (i) d — 0o, and (ii) d — 0, and give a physical
interpretation of the limit solutions.
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3. Show that the pressure gradient terms in the Navier-Stokes equations for a
two-dimensional flow of an incompressible viscous fluid with kinematic viscosity v can
be eliminated to obtain the following equation for the vorticity w,

O o + v?i = vV,

_(97+u69: Oy

where w = 0u/0y — Ov/0z, V* = 8% /8z* + 8% /dy* and u and v are the velocity
components in the z and y directions, respectively.

Hence, or otherwise, verify that the streamfunction in the form

¥ = [ (t) cos (ax) cos (By) provides an exact solution.of the Navier-Stokes equations if
f(t) = Cexp (—At) with an arbitrary constant C' and the constant parameter A
determined uniquely in terms of o and 3.

Sketch the streamlines in the flow at some fixed moment in time.

4. State the assumptions of the lubrication approximation for a steady, two-dimensional
incompressible flow in a narrow gap between two solid boundaries.

Incompressible viscous fluid is contained in a narrow two-dimensional channel formed
by a solid wall at y = 0 and an elastic surface at y = f (z, t), with —o0 < z < 0.
Assuming that the lubrication approximation holds, show that deformations of the
elastic wall are governed by an equation of the form

1 /3
f t = @ (f pz)m
where 1 is the viscosity coeficient and p is the fluid pressure in the channel.

The pressure outside the channel is maintained constant and equal to Po. When the
pressure in the channel matches the outer pressure, p = pg, the fluid is at rest and the
elastic surface remains flat, f = f;. Variations of the fluid pressure in the channel
lead to deformations of the elastic wall in accordance with the wall equation,

po—p=a(f— fo)+ Bfz,

with constant (positive or negative) parameters o and 3. Consider small wave-like
fluctuations in the shape of the elastic surface and show that (i) the flow in the
channel can sustain wave motion of small amplitude if & = 0, and (ii) the wave motion
will be either amplified or damped, depending on the sign of «, in the case a # 0.
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5. Show that the streamfunction, 9 (z,y), for a slow two-dimensional and steady flow of
an incompressible viscous fluid is governed by the Stokes equation,

\v& (v%p) =0.

Verify that the streamfunction for a Stokes flow in a corner of angle 2o can be found
in the form ¢ = r*f (§) provided that ¢ is an even function of 6, the flow region is
specified by the conditions —a < 6 < & in polar coordinates (r,0), and the constant
A satisfies the equation

Atan (Aa) = (A —2)tan[(A — 2) a].

In the case o = m/4, show that the equation for A allows a countable set of solutions,
A=A, n=0,%1,42,..., with \,, ® 4n as n — +o0.

You may assume the formula
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