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All questions may be attempted but only marks obtained on the best four solutions will
count.
The use of an electronic calculator is not permitted in this examination.

1. Define the notions of outer measure and of measure. Prove that the restriction of
an outer measure u* to the class of y*-measurable sets is a measure (check that this
class forms a o-algebra).

For a subset A of R let v(A) be equal 1 if A is non-empty, and 0 if A is empty.

Is v a measure on the o-algebra of all subsets of R? Show that v is an outer measure
on R, and find o-algebra of v-measurable sets.

2. State and prove the Monotone Convergence Theorem for non-decreasing sequences
of positive functions. State the Dominated Convergence Theorem.

Show that
/ 2 dg = Z (—1)*
| cos(z’)de = < @k + DR

3. For given finite measure spaces (2, %, ) and (€', ¥, i’) define the product o-algebra
F on Q x ' and the product measure v on F. State Fubini’s Theorem for positive
functions and give a proof for characteristic functions.

For every a € R, find [ e®*¥ d)\y(z,y) where E = {(z,y) € R%0 < z,y; z+y < 1}.

4. Define the notion of absolute continuity of measures. State the Lebesgue Decompo-
sition Theorem.

For a triple of measures u,v,n on (2, %) such that 4 < v and v <« 7 prove that
p < 7. Find j—:‘l if 31 = f and %‘f = ¢. Explain your answer.

If {un} is a sequence of measures on (2, ¥) with u,(2) < 1 show that the formula
ME) = Y2 | un(F) defines a measure, and every pin, n = 1,2,3,... is absolutely
continuous with respect to A.
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5. Define the Lebesgue spaces LP(u) for 1 < p < co. State the Holder inequality. State
the triangle inequality.

(a) For f,g € LP(u), 2 < p < oo check that their product f - g belongs to LP/2(p).
(b) Using the identity
ab —cd = a(b—d) + (a — c)d,

prove that if fu,gn € LP(), 2 < p < 00, and [|fa — fllp = 0, llgn = gllp — 0, then

I fagn = fllps2 — 0.
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