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All questions may be attempted but only marks obtained on the best four solutions will
count.
The use of an electronic calculator is not permitted in this examination.

1. Define the Lebesgue outer measure A\* of subsets of R.
Define the notion of Borel subsets of R.
State what is meant by saying that a set S C R is Lebesgue measurable.
Show that for every set S C R there is a Borel set B O S such that A*(B) = X*(S).
State results allowing you to deduce that Borel sets are Lebesgue measurable.

Assume that a set S C R has the property that A*(B\S) = 0 for some Borel set B D
S. Show that S is Lebesgue measurable. (You may assume any general properties
concerning Lebesgue measurability but any that you use should be stated.)

2. State the property of continuity of measure.

State and prove the Monotone Convergence Theorem for non-decreasing sequences
of positive functions.

Prove that [(f+g)du= [ fdu+ [ gdu for non-negative measurable functions f, g
on (2.

Show that

/ " Leos@) 13 ) = oo,

T

3. Explain what is meant by product of two measure spaces.

State a result guaranteeing existence and uniqueness of the product measure. Prove
it for the case of finite measures. Auxiliary results such as the Monotone Class
Theorem or Hopf’s Theorem (or analogous results if you use different arguments
than those in the lecture) may be used without a proof, but should be fully stated.

Show that the set .
{(x,y, z) eR® g%V = 1}

is measurable with respect to the 3-dimensional Lebesgue measure A; in R® and
that .
2
A3 {(x,y,z) eR3: g2V % = 1} =0.
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4. Let F be a set of y-measurable functions. State what is meant by saying that f € F
1s maximal with respect to the order ‘¢ < 9 almost everywhere’.

Find a maximal element of the set F of indicator functions of finite subsets of R
with respect to the order ‘¢ < v A-almost everywhere’.

State the Radon-Nikodym Theorem. Prove it for the case of finite measures. Aux-
iliary results such as existence of maximal elements in the order ‘¢ < ¢ almost
everywhere’ (or analogous results if you use a different proof than in the lecture)
may be used without a proof, but should be fully stated.

5. Define the Lebesgue spaces LP(u) for 1 < p < oo.
Let fn, f € LP(u). What does it mean that f, — f in LP(u)?

Let S, be a decreasing sequence of p-measurable sets of finite measure and let
S = (o, Sn- Show that the indicator functions of S, converge to the indicator
function of S in LP(u) when 1 < p < o0, but not necessarily when p = oo.

Let f: R — R be defined by
=z if |z <1,
f(“’)“{ 0 if |z|>1.
Find a simple function ¢ on R so that

If = gllzeeny < l||f”L2(,\)-
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