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All  questions may be at tempted but only marks obtained on the best four  solutions will 
count. 

The use of  an electronic calculator is n o t  permitted in this examination. 

1. Let al, bl, cl and a2, b2, c2 be non-zero real numbers such that  each of 

(a lx  + bl) 2 + (a2x + b2) 2 and (blx + cl) 2 + (b2x + c2) 2 

is the square of a polynomial of degree one. Show that  (clx  + al) 2 + (c2x + a2) 2 is 
also the square of a polynomial of degree one. 

2. Let f • R -+ (0, c~) be a monotone increasing function. Show that there is an x C ]R 
such that  ( 1) 

f x + f - - - ~  < 2 f ( x )  

. A disc is placed on each square of an n x n chess-board. Each disc has a red and 
a blue face. Two players play the following game. They move alternately. The one 
who moves picks out a blue disc and turns over every disc in the rectangle whose 
upper left corner is the square containing the selected disc and whose lower right 
corner is the lower right corner of the whole board. The first player who cannot 
find a blue disc to turn over loses the game. Prove that  the game always ends in 
finitely many steps. Determine those initial positions for which the first player wins 
and show that  the result of the game depends only on the initial position and not 
on how the players play. 

4. Suppose that  f • 11~ -~ l~ is an arbitrary function. Show that  the set of points x at 
which f is not differentiable but the limits 

lim f ( y )  - f ( x )  and lim f ( y )  - f ( x )  
y ~ x -  y - -  X y -q . x+  y - -  X 

both exist is countable. 

5. A set T of positive rational numbers is called complete if for each P- E T, where p, q 
q 

are positive integers, both _a_ C T and _z__ E T. Find all positive rational r such 
P+q P+ q  

that  every complete set containing r contains all rational numbers strictly between 
0 and 1. 
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