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All questions may be attempted but only marks obtained on the best four solutions will
count.
The use of an electronic calculator is not permitted in this examination.

1. For each natural number n evaluate the determinant
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2. Suppose that f: R — R is a function differentiable at every point of R.

(a) Show that f’ does not have to be continuous.

(b) Show that for every a < b and every ¢ lying between f'(a) and f'(b) there is
a <& < bsothat f'(§) =c.

3. Let z # 0 be a real number such that {z} + {1} = 1. For each integer n find
{z"} + {z=}. (Here {z} denotes the fractional part of z, i.e. 0 < {z} < 1 and
z — {z} is an integer.)

4. Suppose that g,k : [0,1] — [0, 1] are continuous strictly increasing functions such
that g(0) = h(0) = 0 and g(1) = A(1) = 1. Show that there are a,b € [0,1] so that
9(b) — g(a) = h(b) — h(a) = 1/2.
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5. We say that P = {ni,no,...,nt} is a partition of a positive integer n if n; < ny <
... < ny are positive integers such that n = ny + ny + ... + nz. A partition P of
n 1s good if every integer 1 < 4 < n has a unique partition which consists of the

elements of P only. (For instance, {1,2,2} is a good partition of 5 but {1,1,2} is
not a good partition of 4 since 2=2=1+1.)

Prove that {1,1,...,1} is the only good partition of n if and only if n + 1 is prime.
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