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All questions may be attempted but only marks obtained on the best . four  solutions will 
count. 
The use of an electronic calculator is no t  permitted in this examination. 

. (a) Use the method of variation of parameters  to show that  

¼x2e-X[21nx-  3] 

is a particular integral of the differential equation 

d2y 
+ 2 dy + y = e - ~ l n x  

dx 2 ax 
(z > O) 

(b) Determine a function f ( t )  of the complex variable t and contours C1 and C2 
in the complex t-plane so that 

f c  eXt f ( t )d t  (i = 1,2) 

are non-trivial independent solutions of the differential equation 

d2y dy 
x ~ 7 + ( 2 - x l ~ - Y = 0 .  ( x > 0 )  

Determine two independent solutions in closed form and deduce that  only one 
solution is bounded at x = 0. 

2. When air resistance is ignored, the equation of motion of a simple pendulum is 

d2x 
- -  - -  sin x ,  
dt 2 

where x is the inclination of the pendulum to the downward vertical. Determine the 
nature of the singular points in the phase plane and show that  the phase ~ .~jectories 
are given by 

y2 = 2cosx  + c, 

where y = dx /d t  and c is a constant. Sketch the phase trajectories. 

If initially x = 0 and y = 2, find the value of c and show that  the pendulum swings 
up to the horizontal after time In (1 + vf2). 
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3. It  is known t h a t  when the  cons t an t  c is small  compared  with  unity, the  equa t ion  

dO---- ~ + e F(x)  + A(e)x = O, 

where  A(e) is a cons tant  which  depends  on c and  F(x)  is a regular  function,  possesses 
a 27r-periodic solut ion x(O). By seeking a solut ion in the  form: 

x(o) = x0(0) +  xl(0) +  2x2(0) + . . . ,  
A(c) = l + ~ h l + c 2 A 2 + . - .  , 

where  xn(O + 27r) = xn(O) and  x ' ( 0 )  = 0, (n = 0, 1 , . . . ) ,  obta in  the  differential  
equat ions  for Xo(O) and  xl(O). 

For the  case w h e n  F(z )  = 1 3 ~x - x, find x0(0),  if x0(0) > 0 ,  and  show t h a t  

~1 = 0 ,  Xl(0) = sin 30 -[- A1 cos 0,  

where  A1 is an  unde t e rmi ned  constant .  Describe,  w i thou t  detai led calculat ions,  how 
the  cons tan t s  A1 and A2 are de te rmined .  

. Show tha t  t h e  equat ion  

+ o f ( z ,  5) + z = o ,  

where  c > 0 is a cons tant  and  the dot  denotes  differentiat ion wi th  respect  to t, 
possesses a solut ion of the  form x = A(t) sin It + ¢(t)] if 

= - e  f ( A  sin X, A cos X) cos X, 

= c A - l f ( A  sin X, A cos X) sin X, 

wi th  X = ¢ + t. 

If 0 < e << 1, descr ibe a m e t h o d  for finding app rox ima te  solutions of these equat ions.  

For the case of Rayleigh 's  equat ion ,  f (x ,  x) = (½~2 _ 1)x.  If A(0) = A0 > 2 and  
¢(0) = ¢0, show tha t  x(t) is given approximate ly  by 

x ( t ) = 2  1 +  1 e -~t s i n ( t + ¢ o ) ,  

and  deduce  t h a t  there is a per iodic  solution for x(t)  which is also a l imit  cycle .  

[ You may  assume t h a t  f02~ cos 2 0 dO = zr and  fo 2~ cos 4 0 dO = 3 ~Tr. ] 
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5. S t a t e  wi thou t  p r o o f a  fo rm of  W a t s o n ' s  L e m m a .  

T h r o u g h o u t  t h e  interval  a < t < b, t he  f u n c t i o n  f ( t )  is c o n t i n u o u s  a n d  t h e  f u n c t i o n  

¢ ( t )  is twice-d i f fe ren t iab le  w i t h  a s imple  m a x i m u m  a t  t = to ,  w h e r e  a < to < b. 

Show t h a t  as x - ~  + c ~ ,  

1 

b e~C~(t) f (t ) dt 'x I¢"(to)l  

How is this  resu l t  modif ied  w h e n  to = a or to = b ? 

Hence,  or o the rwise ,  verify t h a t  as x -+ + c ~  , 

(a) x! = t~e - t  dt ~ 2~rx) x ~ e - z  , 

1 3xf"~- ['/ t3e x in  e 
( b )  Jo  ~ 

[You m a y  a s sume  t h a t  ( - ½ ) !  = ~ .] 
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