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All questions may be attempted but only marks obtained on the best f o u r  solutions will 
count. 
The use of an electronic calculator is n o t  permitted in this examination. 

1. Determine a function f ( t )  of the complex variable t and contours 6"1 and (3'2 so tha t  

c e~t f ( t )  dt 

are non-trivial independent solutions of the differential equation 

d2y 
- ( 3 x  - 2 ) - ~ -  - y = 0 .  3zT~x2 a x  

(i = 1,2) 

(z _> 0) 

Show that  both solutions are bounded at x = 0 and x -- +oo, but  only one solution 
has a bounded derivative at x = 0. If y(0) = 1 for this solution, show tha t  

1 

¢(0) 2 

[You may assume that  

folUa(l_u)t, du= (A)! (#)! 
(a + ~ + 1)! 

( ~ , , > - : ) ]  

2. Explain what you understand by the terms centre, node, spiral point and saddle point 
in relation to the differential equation 

@ Q(x, y) 
dx P(x ,  y) " 

If this equation is derived from the equation of motion of a particle moving in a 
straight line, with y = dx /d t ,  show tha t  the trajectory in the (x, y) plane is closed 
if and only if the motion of the particle is periodic. 

The equation of motion of a particle is 

d2z 
_ x 2 - 1 .  

dt 2 

Initially x = 0 and the speed of the particle is V0. Investigate the nature of the 
singular points in the phase plane and give a sketch of the phase trajectories. Deduce 
that  the motion of the particle is periodic if IV0[ < 2/v/3. If V0 = 0, show that  the 
time period for the motion of the particle is 

1 /1r /2  1 
(2v~) cosec~ 0 dO. 

J 0  
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3. Show t h a t  the  differential  equa t ion  

d2x dx 
dr--- V + e f (x)  --~ + g(x) = O, (e > O) 

where  f ( x )  and g(x) are in tegrable  funct ions  of x and  e is a constant ,  can be ex- 
pressed in the  form 

dy g(x) 
dx eF(x) - y ' 

where  F(z)  = f~ f ( t )  dt ,  by m e a n s  of the  t r ans fo rmat ion  

dx 

Assuming  t h a t  a un ique  per iod ic  solut ion x(t) exists wi th  m a x i m u m  value A and  
per iod  T for all values of e, show t h a t  for a cer ta in  closed curve 3' in the  (x, y) plane,  

~ y f  (x) dx = O . 

If f ( x )  = sgn(Ix I - 1) and  g(x) = x, show t h a t  if e << 1, then  

f0 A 1 (A 2 - x2)~ f ( x )  dx = 0 ,  

and  deduce  t h a t  A = sec (rr/4 + ¢ / 2 ) ,  where  cos ¢ = ¢ .  

4. Show tha t  the  equa t ion  

+ o f ( x ,  + z = o ,  

where  e is a posi t ive  cons tan t  and  the  dot  denotes  differentiat ion with respect  to  t, 
possesses a solut ion of the  form x = A(t) sin It + ¢(t)] if 

A = - e f ( A  s i n x ,  A cosx)  c o s x ,  

= e A - l f ( A  sin X, A cos X) sin X, 

wi th  X = ¢ + t. If e << 1, descr ibe  a m e t h o d  for finding approximate  solutions of 
these  equat ions .  

For the  case of Van der  Pol ' s  equat ion,  f(x,5c) = (z 2 -  1)x.  If A(0) = A0 > 0 and  
¢(0) = Co, show t h a t  x(t) is given approx imate ly  by 

x(t) = 2 [1 - (1 - 4/Ao2)e-a] -1/2 sin (t + ¢o) ,  

and  deduce  t h e  l imit  cycle solut ion for x(t) .  

[ You m a y  assume  tha t  f02= cos 2 0 dO -- 7r and f02'~ sin 2 0 cos 2 0 dO = 1 ~Tr.] 

MATHC311 C O N T I N U E D  

2 



! 

5. S t a t e  w i t h o u t  p r o o f a  form of W a t s o n ' s  L e m m a .  T h r o u g h o u t  t he  in terval  a < t < b, 

t he  funct ion  f ( t )  is con t inuous  and  t he  func t ion  ¢( t )  is twice-di f ferent iable  w i t h  a 
s imple  m a x i m u m  at  t = to,  where  a < to < b. Show t h a t  as x --+ +cx~, 

1 

e~¢(t) f ( t ) d t  ,,~ e~¢(to) f ( t o )  x l¢ -~ to )  I 

How is this  resul t  modif ied  w h e n  to = a or to = b ? 

Hence,  or otherwise,  verify t h a t  as x --+ +cx~ , 

/o tae  - t  d t  ~ x ~ e - ~  . 

[You m a y  a s sume  t h a t  ( -½)!  = V/~.] 
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