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T U R N  O V E R  



All questions may be attempted but only marks obtained on the best s e v e n  solutions will 
count. 
The use of an electronic calculator is permitted in this examination. 

1. (a) F ind  t he  genera l  so lu t ion  of 

x + 2y - 3z + 2w 
2x + 5y - 8z + 6w 
3x + 4y - 5z + 2w 
x + y - z - 2w 

Verify t h a t  you r  so lu t ion  is correct.  

(b) F ind  the  inverse of  t he  mat r ix  

A =  - 1  
1 

Verify t h a t  your  so lu t ion  is correct.  

---- 2 

---- 5 
---- 4 
--- 1 

. (a) Define the  e igenvalues  and eigenvectors of  a square  m a t r i x  A. 

(b) F ind  the  e igenvalues  and corresponding e igenvectors  of  
I 

A =  - 1  4 - 
- 1  2 

You may  find i t  useful  to observe at  some s tage  t h a t  one of the  eigenvalues is 
equal  to  two. 

(c) Two n × n m a t r i c e s  A and B each have n d i s t inc t  eigenvalues and  n dis t inct  
eigenvectors.  S h o w  t h a t  if A B  = B A  t h e n  t h e  eigenvectors  of A and  B corre- 
spond.  

. (a) S ta te  w i thou t  p r o o f  t he  general formula for t he  Fourier  series on ( - L ,  L) for a 
funct ion  f ( x ) ,  g iv ing  the  equat ions for t he  Fourier  coefficients a~ and  b~. 

(b) Let  f ( x )  = x (L  - x) on (0, L). Show t h a t  t he  half-range cosine series tha t  
converges to  f ( x )  on  (O,L) can be  wr i t ten  as 
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f ( x ) = 6 L 2 - - -  
4L 2 ~ cos[(2k)Trx/L] 

k----1 
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4. The Laplace transform of a function y(t) i s / :{y( t )}  = Y(s)  = f o  e-StY(t) dr. 

(a) Show that 

dy } = sY(~) - y(0), L --aT 

~ { t } - -  1/~ 2, 
~ { e % ( t ) }  = Y ( ~ - a ) .  

(b) Use Laplace transforms to solve the following system of equations 

dy 
dt + 4y - z = 0, 

dz 
+ 4y = 0, 

dt 
y(0) = 0, z(0) = 1. 

5. State sufficient conditions for a function f ( x ,  y) to have a stationary point a t  (a, b) 
distinguishing between a maximum, a minimum and a saddle point. 

Show that the function 

f ( x ,  y) = x 3 + 2x 2 - 3xy + y2 

has just one saddle point, S (say) and find the form of the other stat ionary point.  
Write down the form of f ( x ,  y) in the neighbourhood of S and hence obtain the 
equations of the two straight contours (lines along which f (x ,  y) = constant) passing 
through S. Sketch the contour lines in the neighbourhood of S. 

6. (a) Sketch the region over which the double integral 

1 1 

/ / xy x2 
x = 0  y = x  2 

+ y2) dy dx 

is taken. Interchange the order of the integration and hence evaluate the  inte- 
gral. 

(b) Show tha t  the ellipsoid x 2 + y2 + 3z 2 = 5 and the parabolic cylinder y2 = z 
both pass through the point P with coordinates (1, 1, 1). Find the equation of 
the normal line to the ellipsoid at P, and the equation of the normal line to 
the cylinder at P. Find also the equation of the plane that  contains these two 
lines. 
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7. Show that  

F = (yz + y cosh yz, x z  + x cosh yz  + xy z  sinh yz, x y  + xy  2 sinh yz)  

is a conservative field of force, and find the work done by F in the displacement of 
a particle along any path from (0,1,2) to (1,2,3). 

If G = (yz  + y c o s h y z ,  x z  ÷ x c o s h y z  ÷ xy z s inhyz ,  x y  2 sinhyz) 
find the values of 

G. dr 

C 

where C is that  part  of the curve x = t, y = t 2 + 1, z = t 3 + 2 between the points 
(0,1,2) and (1,2,3). 

8. If ¢(x, y, z) is a scalar field and E ( x ,  y, z) is a vector field show that  

div CE = ¢ div E + E. grad ¢. 

Write down the divergence theorem for the vector field F ( x ,  y, z) and take 
F = ¢ grad ¢ to show that 

/ (¢ div grad ¢ + I grad ¢I 2) dV = f eft. grad ¢ dS 

V S 

where ~ is the outward unit normal to the surface S enclosing the volume V. 

If ¢(x, y, z) = xy  evaluate either the volume integral or the surface integral when V 
is the volume enclosed by the paraboloid z = 1 - x 2 - y2 and the plane z = 0. 

9. State Stokes' theorem for a vector field F(x ,  y, z) and a surface S bounded by a 
CUrVe C .  

Verify the theorem when F(x ,  y, z) = x z i  - xyk ,  and the open surface S is con- 
structed from the tetrahedron formed by the coordinate planes and the  plane 
x + y + z = 1 by removing the face in y = 0. 

10. The temperature 9(x, t) in a copper bar of length 1 satisfies the equation 

a28 1 bO 
- -  k constant. 

Ox 2 k Or' 

Solve the equation by separating the variables if the initial temperature distribution 
is 8o s in(n~x/ l ) ,  where 80 is a constant and n is a positive integer, and the ends of 
the bar are maintained at 0°C. 

If 90 = 100°C, l = 80 cm, n = 1 and k-1.158 cm2/sec, how long will it take for the 
maximum temperature in the bar to drop to 50°C? 
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