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! All  questions may be attempted but only marks obtained on the best s e v e n  solutions will 
count. The use of an electronic calculator is permitted in this examination. 

1. (a) Find the modulus and argument of 1 - ivY. Hence find the square roots of 
1 - i v Y .  

(b) Use complex numbers to find 

/ e ~ sin dx. X 

Show, also using complex numbers, tha t  

( 4 )  dx n (e ~ sin x) = 2n/2e ~ sin x + 

2. Define cosh x in terms of exponential functions and sketch the curve y = cosh x. 
Show tha t  

1 y - - ~ r y 2 - - 1  = 
y + ~ '  

and use this to show that  

c o s h - l y = ± l n ( y +  y 2 ~ - ~ - l ) .  

By referring to your sketch of y = cosh x, explain why there are both  positive and 
negative values for cosh -1 y. 

Use integration by parts to show 

[ 2  cosh-~ ~ d~ -- 21n(2 + ~ )  - 
J 1  
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3. (a) Dif ferent ia te  

(i) 3 c°s~ (ii) l n ( c o s ( ~ ) ) .  

I 

(b) F ind  the  s t a t i o n a r y  poin ts  of the  funct ion y = x2e -~ and determine whe ther  
t h e y  are max ima ,  m i n i m a  or points  of inflection. 

(c) If x = a(cos t + t sin t) and  y = a(sin t - t cos t), where a is a constant ,  show 

dy 
- = t a n  t. 

dx 

Find  also 
d2y 
dx 2" 

4. (a) F ind  the  following in tegra ls  

(i) f t a n h  x dx, 

2 dx 
(ii) J l  (4 + x ) ~ '  

J 3 - 2x dx. 
(iii) x/4x - x 2 - 3 

(b) Show t h a t  

J / c°sx dx. sec x dx = 1 - sin 2 x 

Use t he  subs t i t u t i on  sin x ---- t on the  RHS of (*) to show 

J sec x = Isec x + t a n  x I + dx in C. 

(.) 

5. (a) Define careful ly  the  dot  and  vector  p roduc t s  of two vectors a and b. 

(b) Two uni t  vectors  6 and  a are perpendicular .  F ind  (6 × d) × 6. 

(c) T h e  th ree  po in t s  (4, - 3 ,  2), (1, 0, 1) and  (1, - 1 ,  2) form the vertices of a 
t r iangle .  Use vector  m e t h o d s  to  find the  angle between the  two sides of the  
t r iangle  which  mee t  a t  (1, 0, 1). Find,  also, using vector methods,  the  area of 
the  t r iangle .  
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! 16. (a) Let f ( x , y ) =  xys in  . F ind ~xx and O--y" 

(b) Verify tha t  f (x ,y)  = e x p ( - ( 1  + a2)z)cos(ay) is a solut ion of the  equa t ion  

Of O2 f 
- -  f Ox Oy 2 

for any constant  a. 

(c) Let z = yf(xy)  where f is any differentiable function. 

Oz Oz 
y N - x ~ =  z. 

Show tha t  

7. Solve the  following differential equations: 

dy _ 2x(1 + y2), y(0)  = 0; 
(a) dx 

dy 1 
(b) --~x + xY = e ~, y(1) = 1. 

. (a) F ind  the general solution of the differential equat ion  

y" + y' + 4y = e 4~. 

(b) Solve the following initial-value problem 

y" - 16y = 8x 2, y(0) = 0, y'(0) = 1. 
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. (a) F ind  the  following limits: 

(i) 

(ii) 

1 - -  C O S ( X 2 )  , 
l im 
x--*0 2 X  4 ' 

l im (3~ + n2)2 
n--*oo n 4 q_ 3 2 n + 3  " 

(b) D e t e r m i n e  whe the r  the  following series are convergent or divergent,  justifying 
your answer.  

(i) 

o~ n 2 + n + l  
E 
n = l  n 4 + 4n ' 

(ii) 

n 2 + 1  

2 ~ • ,~=0 + 1 

10. (a) Use N e w t o n ' s  m e t h o d  to find an approx imate  solution of the  equat ion e ~ = 3x 
to  th ree  dec imal  places, s ta r t ing  from x = 0. 

(b) Define the  Poisson probabi l i ty  d is t r ibut ion  with mean #. 

(c) On  average,  0.2% of the  chairs m a d e  at  a factory are defective. If a r andom 
sample  of 1000 chairs is inspected,  wha t  is the  probabil i ty of there being no 
more  t h a n  3 defective? 
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