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T U R N  O V E R  



All questions may be attempted but only marks obtained on the best f ive solutions will 
count. 
The use of an electronic calculator is n o t  permitted in this examination. 

. (a) Exp la in  w h a t  is meant  by an e l emen ta ry  row operat ion,  by an elementary 
ma t r i x  a n d  by the reduced  row echelon form of a matrix.  

(b) F ind  t he  reduced  row echelon form of the  mat r ix  

A = 
1 0 3 0 1 - 2  
5 2 9 - 2 7 3  . 
0 0 1 1 4 - 7  
2 2 1 - 1 8 2  

(c) W h a t  is t h e  rank of A? 

. (a) Let v l ,  v 2 , . . . ,  v= be vectors in a vector  space V. Explain  w h a t  is meant by 
saying t h a t  

(i) v l ,  v2, . . . ,  v= are l inearly independen t ;  

(ii) v l ,  v 2 , . . . ,  v= span a vector space V; 

(iii) v l , v 2 , . . .  ,vn form a basis of V. 

(b) Let t h e  vec tors  Vx, v2, va be linearly independen t .  Show tha t  the  following three 
vectors:  w~ = v~ - v l ,  w2 = va - v2, wa = Vl + v3 are linearly independent .  

(c) F ind  a basis  for the vector  space V consis t ing of all vectors Y E li~ 4 
Z 

S 

sat is fying x - y = z = - s .  What  is the  d imens ion  of V? 

. (a) Give t he  defini t ion of (i) a symmet r ic  ma t r ix  and  (ii) a skew-symmetr ic  matrix. 

(b) Show t h a t  if A and B are skew-symmetr ic  mat r ices  then  C = A B 2 ÷ B 2 A + B A B  
is skew-symmetr ic .  

(c) Prove t h a t  every n × n matr ix  A can be expressed as a sum A = B + C where 
B is s y m m e t r i c  and C is skew-symmetr ic .  Show tha t  such a decomposi t ion is 
unique.  
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. (a) Let A and B be n x n invertible matrices. Prove that  AB is also invertible and 
find its inverse. 

(b) Let A be an n x rz matrix. Show that A is invertible if and only if the rank of 
A equals n. 

(c) F ind  the inverse of the matr ix  

A = 
1 1  1 )  
2 1 0 . 
3 0 - 1  

J 

. (a) Define the scalar product  of two vectors x, y C IR n and the length  of a vector 
x E I R  ~. 

(b) S ta te  and prove the Cauchy-Schwarz inequality. 

(c) Assume x , y  c IR ~, Ixl = 1, JYl 2, and ( x , y )  = 1. Wha t  is the length of 
3x - 2y? What  is the cosine of the angle between x + 2y and  x - y?  

. (a) Explain  how the Gram-Schmidt  orthogonalization procedure works. 

(b) C o m p u t e  the Oram-Schmidt  orthogonalization of the vectors 

a l  = ~ a 2  : -  1 ~ a 3  = 

0 1 

(c) Assume that  v l , v 2 , . . .  ,v,~ is an orthogonal basis oflR n. Let x E 1~ '~. F ind the 
decomposi t ion of x as a linear combination of v l , . . . ,  v~. 

. (a) Define the determinant  of an r~ x r~ matrix. 

(b) Show tha t  an n x n matr ix  A is invertible if and only if its de te rminan t  is 
non-zero. 

(c) Let B be the following matrix: 

B = 

1 1 -2 4 ) 
2 3 7 - 3  
3 3 - 6  - 3  " 
4 4 5 - 5  

C o m p u t e  its determinant .  Are the rows of B linearly independent  or not? 
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