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All questions may be attempted but only marks obtained on the best five solutions will
count.
The use of an electronic calculator is not permitted in this examination.

1. (a) Explain what is meant by an elementary row operation, by an elementary
matrix and by the reduced row echelon form of a matrix.

(b) Find the reduced row echelon form of the matrix

3 23 -25 7
103 0 1 -2
A=|52 9 -2 7 3
001 1 4 -7
221 -1 8 2
(c) What is the rank of A?
2. (a) Let vy,vsy,...,V, be vectors in a vector space V. Explain what is meant by

saying that

(i) vi,Va,...,V, are linearly independent;

(ii) vy, Ve, ..., V, span a vector space V;

(iii) v1,va,..., v, form a basis of V.

(b) Let the vectors vy, v, v3 be linearly independent. Show that the following three
vectors: w1 = vy — V1, Wy = V3 — Vg, W3 = V1 + V3 are linearly independent.

z

(c) Find a basis for the vector space V' consisting of all vectors e R?

n N

satisfying x — y = 2 = —s. What is the dimension of V7

3. (a) Give the definition of (i) a symmetric matrix and (ii) a skew-symmetric matrix.

(b) Show that if A and B are skew-symmetric matrices then C = AB%+-B2A+BAB
is skew-symmetric.

(c) Prove that every n x n matrix A can be expressed as a sum A = B + C where
B is symmetric and C' is skew-symmetric. Show that such a decomposition is
unique. :
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4. (a) Let A and B be n x n invertible matrices. Prove that AB is also invertible and
find its inverse.

(b) Let A be an n x n matrix. Show that A is invertible if and only if the rank of
A equals n.

(c) Find the inverse of the matrix

A=

[V Nl e
S
O =

5. (a) Define the scalar product of two vectors x,y € R™ and the length of a vector
X € R™

(b) State and prove the Cauchy-Schwarz inequality.

(c) Assume x,y € R”, |x| = 1, [y] = 2, and {x,y) = 1. What is the length of
3x — 2y? What is the cosine of the angle between x + 2y and x — y?

6. (a) Explain how the Gram-Schmidt orthogonalization procedure works.
(b) Compute the Gram-Schmidt orthogonalization of the vectors

-1 1 0
a; = 1 , g = 1 , Az = 1
0 1 1
{c) Assume that vi,vs,..., Vv, is an orthogonal basis of R®. Let x € R™. Find the
decomposition of x as a, linear combination of vq,. .., v,.

7. {a) Define the determinant of an n x n matrix.

(b) Show that an n x n matrix A is invertible if and only if its determinant is
NON-ZET0.

(c) Let B be the following matrix:

11 -2 4
23 7 -3
B = 3 3 -6 =3
4 4 5 =5

Compute its determinant. Are the rows of B linearly independent, or not?

MATHB611 END OF PAPER



