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All questions may be attempted but only marks obtained on the best five solutions will

count.

The use of an electronic calculator is not permutied in this examination.

1. (a)

(b)

Let U be a connected open set in R? and f a function defined on U. State
what it means to say that f is harmonic on U.

Show that if f is equal to the real part of an analytic function fon U, then f~
is unique up to the addition of a constant.
Let U = {(z,y) € R? : z > 0}. 'For each of the following functions f defined
on U, find an analytic function f such that f is equal to the real part of f:

(i) f(z,y) = log(z® +y?),

(ii) f(z,y) =z cosz coshy + y sinz sinhy.

State the Cauchy integral formula for an analytic function f defined on a simply
connected domain U.

Let zo be a point in U and C a simple closed curve passing anti-clockwise
around 2o. Show that for every positive integer n, the function

[ fw
)= [

defined for points z inside C, is analytic with derivative ng,41(z). Hence
deduce that
n! f(w)

(n) - — v 7
£7(z) 271 /C (w — zp)+! dw,

for all such n.

Show that
1 etz _ tn

; z = —
2wt Jo 27t n!’

where C is the unit circle {z : |z| = 1}.
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3. (a) State and prove Taylor’s theorem for an analytic function f defined on the
domain U.

(b) Find the first three non-zero terms of the Taylor series of z cot z on the disk
{z € C: |z] < 7} and state its radius of convergence. Hence, or otherwise,
determine the first three non-zero terms of an expansion of f(z) = 27! cot (27!)
on {zeC:|z] >n1}.

4. (a) State the Residue theorem. By making the substitution z = %, or otherwise,
prove that

/27r de B 2_7f

o 2+cosd /3

(b) State Jordan’s Lemma for a continuous function f defined on the upper half
plane {z € C : Im(z) > 0}. Show that,

* coszx T _,
—5'——2d$=—€ N
0 T+ a a

where a is a positive real number.

5. The curve assumed by a uniform cable suspended between the points (=1,0) and
(1,0) minimizes the potential energy defined by

1
y\/1+v?dz,
[
1
/ V1+y?dz = 2L,
-1

where L > 1. Show that y — yo = kcosh ((z — z0)/k) for constants zo, yo and k.
By applying the boundary conditions and considering the symmetries of the cosh
function, or otherwise, show that zo = 0. Hence show that k satisfies

. 1
L = ksinh (E)

subject to the constraint
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6. (a) Suppose that f = f(z1,...,z,) satisfies
fOzy, ..., Az,) = N2 f(zy, ..., Tn)

for all real numbers A. Show that

(b) The Euler-Lagrange equations for the functional F = F(z,y1,. .., Yn, Y1s- - - Yo),
where 1, . .., Yy, are dependent variables, are

d (9FN _oF _
dz \ 9y; oy;

. where 5 =1,...n. Show that
d ~ ,OF OF
— | F= | - =—=0.
dx ( ;y’('?y;) oz 0

Let L = T — V be the Lagrangian of a particle moving under the action of a
conservative force. Show that if L = L(t,q1,...,qn, g1, - - -, gn) satisfies

oL
i
then the total energy £ = T + V is constant throughout the motion.

0,

7. Let (r(t),8(t)) be polar coordinates for the position of a particle of mass m at time
t acted on by a conservative force corresponding to the central potential V = V(r).
Define the Lagrangian of the motion and show that '

i) h = rf? is constant,

ii) mi —mré?+ 2 = 0.

Suppose that V' (r) = —Z* for some constant y. By writing r = r(f) and eliminating
the time dependency from ii), show that
1 0%r 10r 1 v
e 42 4-- L=
2o e v R

Hence deduce that if u = 2, then

Show that
_ h2/y
T +ecos(d —p)’

where e and @ are constants.
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