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All questions may be attempted but only marks obtained on the best five questions will
count.
The use of an electronic calculator is not permitted in this ezamination.

1. (a) Find the radius of convergence of the power series
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(b) If z is a complex number, show that (z + z7!)(z — z~ ) =22+ 272 If now
z = cost + isin 6, show by expanding (2 + 271)%(2 — z~1)® that

1 _
sin® @ cos® § = ﬁ(sin 108 — 5sin 660 + 10sin 26).

(c) Write down an expression for tan z in terms of exp(zz) and use it to find all
values of tan~!(21).

2. (a) Explain what is meant by the statement “f(z) is an analytic function in the
region D of the complex plane”.

(b) Ifu(z,y) and v(z, y) are respectively the real and imaginary parts of an analytic
function f(z) with z = z + ¢y, write down the Cauchy-Riemann equations
which are satisfied at all points in D and deduce that « and v are harmonic
throughout D.

(c) Show that the analytic function f(z) = exp(z) has u(z, y) = exp(z) cosy as its
real part and v(z,y) = exp(z)siny as its imaginary part. Verify the Cauchy-
Riemann equations hold everywhere.

(d) Verify that h(z,y) = exp(z)(z cosy — (y + 1) siny) is harmonic for all z and y
and determine an analytic function g(z) whose imaginary part is h(z,y).
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3. (a) Write down Cauchy’s integral theorem, integral formula and integral formula
for derivatives.

(b) Find values of A, B,C and D such that
2 -1 B C D
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and comment on the result. Find all terms in the Laurent expansions for f(z)
in powers of z valid for |z| < 1 and for |2| > 1.

(¢c) Using the results of part (b) or otherwise, find the values of
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where (' is the circle |z| = 1/2 and Cy the circle |z| = 2.

4. Use the residue theorem and suitable contours in the complex plane to show

(_)/2” df 29 (i) f‘x’ cosx dzx 7 cos
1 —_—_— e — = .
o D—4dsing 3’ oo X2 =2z + 2 e

5. (a) Euler’s equation,
OF d (OF\ _ 0
oy dz \dy' )

is satisfied by the extremal of the functional

b
| Pl
a
in which F' has no ezplicit dependence on z, a prime denotes differentiation

with respect to z and y(a) and y(b) are prescribed. Show that

,OF

1S constant.

(b) Find the extremal curve of

w/2
I=/0 (v - (¢)) dz

if y(0) = 0, y(7w/2) = 1. Show that I = 0 on this extremal.
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6. The curve y = y(z) is required so that the area

1
I = / y dx, y > 0,
0
is maximised for a given constant value of the Iehgth
1
L= / V1T (dy/dz)? dz,
0
and subject to the end conditions y(0) = y(1) = 0. Show that the extremal satisfies

the differential equation
AN .
dz) — (y+¢)? ’

for constants A and c. Show that the solution is a circular arc and derive an equation
relating L and the radius of the circular arc.

7. (a) Define the Lagrangian for a conservative system. Write down Lagrange’s equa-
tions if the system has n degrees of freedom.

(b) A double pendulum consists of two masses m Joined by a light rod AB with
the mass at A joined to a fixed point O by a light rod OA. The rods have
equal length [ and are freely hinged at O and A so that they may move in a
vertical plane. If 8; and 6, are the inclinations of OA4 and OB to the downward
vertical then you are given that the potential energy V and kinetic energy T
of the pendulum are

V = —mgl(2cos b, + cosby),

le o o -
T = 7(291 + 02 + 20192 COS(Gl - 62))’

where g is the acceleration due to gravity. Show that Lagrange’s equations are
26, + 4, cos(f — ;) + 62sin(6, — 62) = —2(g/1)sin @,
0, cos(f, — 6y) + Oy — 9% sin(f, — 6) = —(g/I) sin 6,.

If the pendulum performs small oscillations about the downward vertical, show
that the frequencies, w, of the normal modes of oscillation satisfy '

w? = (24 V2)(g/1).
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