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All questions may be attempted but only marks obtained on the best five solutions will - -
count.

The use of an electronic calculator is not permitted in this examination.

1. (a) Legendre’s differential equation is

d d
(1- xz)—(h:—'z - 22732;— +a(a+ 1)y =0,

where « is a constant. By substituting the series y = 3 >’ a,z™ into Legen-
dre’s equation derive the recurrence relation

(n—a)(n+a+ 1)a
(n+1)(n+2) ™

Qni2 =

for n > 0. Deduce that there are two linearly independent solutions, one even
and one odd, to Legendre’s equation (there is no need to find exact formula for
the coefficients in these series). If o = m is a positive integer, show that one
of these series solutions reduces to a polynomial of degree m.

(b) For the special case a = 1, show that the general solution can be written as

=T+ 1 xln l+e
— C —— ——
Yy (5] 2 2 1 z )

for |z| < 1 and ¢, and ¢, are constants.
[Hint: You may assume that for |z} <1, In(1+z) =z —2%/2+23/3 ~---]

2. (a) Write down the generating function relation for Legendre polynomials P,(z).
Use the relation to show that P,(—z) = (—1)"P,(z) and P,(1) = 1.

(b) Given that a function f(z) can be expanded for |z| < 1 in terms of Legendre
polynomials as

[ ]
f(SE) = Z anPn(x)a
n=0
use the Legendre polynomial orthogonality relation

0, m#n
2_ m=n,

1

/_1 Py(z)Pn(z)dz = {

2n+1,

to derive an integral formula for the coefficients a,,. Find the first two non-zero
terms in the Legendre polynomial expansion of f(z) = €*.
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3. Show that z = 0 is a regular singular point of the differential equation
dzy" + 2y —y =0.

Assuming a solution of the form

o0
— E : n+r
y h anT I

n=0

find the indicial roots ». Show for the smaller of the two roots that

Qo

On (2n)V’

and hence find the corresponding series solution. Find also the series solution for
the other indicial root. Write the general solution in terms of hyperbolic functions.

4. (a) Define a group. Show that the set of positive rational numbers a/b (a and b
being non-zero integers) form a group under multiplication.

(b) Let I,A,B,C be elements of a group G of order 4 with the property that each
element multiplied by itself is the identity. Write down the group multiplication
table. Also write down the group multiplication table for a group of order 4
which is not isomorphic to G. State which of these groups is cyclic, justifying
your answer.

5. (a) Define an orthogonal matrix. Show that its determinant is +1.
(b) Let u be a n x 1 real matrix (i.e. a column vector). Show that the matrix

T
uu
K=I1—-92—
uTu
is (i) symmetric and (ii) orthogonal. Show that u is an eigenvector of K with
eigenvalue -1.
If u = x + |x|v, where |v| = 1, show that Kx = —|x|v, where |x| = vXTx is
the length of x.
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6. (a) State the Cayley-Hamilton theorem and verify it is true for the matrix

3 4
4= (1 2) )
(b) Define (i) a Hermitian matrix A and (ii) a unitary matrix U. Write exp(iA)

as an infinite series. Prove that exp(iA) is orthogonal, stating carefully any
properties of matrices you have used.

7. The motion of two linked particles with displacements z, and z, is governed by
X = Ax,
where x is a column vector with components z, and z, and
A= ( —12 —1 2) '
If the system is released from rest with z; = 3 and z, = 0 find x for all time.
For the system of equations given by
¥ = A 'x,

write down the frequencies of the normal modes of vibration.
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