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All questions may be answered, but only marks obtained on the best four questions will
count. The use of an electronic calculator is not permitted in this ezamination.

1. Use the method of separation of variables to show that one solution of the partial
differential equation

Oy O _
oz2  0y?

u(O,y) =0, luz(lay) + u(l,y) =0, uy(x,O) =Y,

is of the form u(z,y) = X(2)Y (y), where

EX 5. o dX
SEARX =0, XO)=0, IO+ X0)=0,

d*y dy
-2y =0, —(0)=0.
W dy( )
Explain how an infinite number of suitable values for A may be found. Find an
equation satisfied by these values, An, and show that the general solution is

u(z,y) = Z A, sin(A,z) cosh(Any).
n=1

Find integral expressions for A, if in addition u(h, z) = f(z) and show that

sin( A,z fo f(q)sin Anq dg
u(z,0) = zz cosh(Anh) (1 + cos2(Anl)) -

9. Show that the differential equation, satisfied by the function y(z),
'+ (@2 —2)y + 1+ 1)y =0,

where a prime denotes differentiation with respect to z, has a regular singular point
atz=0.

Show that one solution to the equation is y(z) = ) .2, arz®, where c takes a
value to be determined, ap = 1 and

(k+c)
(k+c—1)(k+c—2)---2+c)1+c)c®

Show that a second, independent, solution of the equation is

nkk+1 _ * —)k+D) [ B 1],
y—xlnzz -z X k+1+z_;—1: z".

ar = (-1 )k

k=1
MATHM242 PLEASE TURN OVER



4]

3. The generating function for the Legendre polynomials P,(z) is

n=oo

n
(1——2wx+w2 B Zw Pn(2).

(a) Show that

(n+ 1) Posi(z) = 2(2n + 1)Pp(z) — nPo_y(z), n>1

(b) Use the result
1
/ Py (z)Pp(z) dz =0, n#m,

-1
to show

—1—[ln(1+w) In(1 + w)] sz"/ Pi(z)d

w

Deduce that

1 0 9
P dz = .
_/:.1 n(m) ’ 2n +1

4. A function f(z) and its Fourier transform, f(k) are related through
f(k) = —\/;_—;/_wf(z)e‘ikz dr and f(z)= # /—oo f(k)eika: dk.
(a) Show (f/*\g) = \/—2_7—(f§, where

= /_oo flz—y)g(y) dy

(b) Find the solution h(z) to the integral equation

®  h{u)du 1
/ a2+($—u)2_b2+$2’ O<a<b

[You may assume the result [;° 92&’;—’}? = (n/2q) exp(—|plg) but you should derive
all other results that you use.]
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5. Consider the equation, satisfied by the function u(z,t)
Up = Ugg, —00< T <00, t>0, u(z,0)=f(z),

where both f(z) and u(z,t) tend to zero as |z| — oo.

Use Fourier transforms to show that
—00

and find h(z,t). Show that if f(z) = exp(-z?),

wl(z,t) = exp(—z%/(1 + 4t))
’ V1+4t '

[You may assume the result [ exp(—a(z+ b)?)dr = /7 /a], a > 0 but you should
derive all other results that you use.]

6. The Laplace transform L[f](s) = f(s) of a function f(t) is defined by

fo) = [ erwa
(a) Use this definition to show that
(i) L) =1/(s +a), (ii) Lldf/dt] = sf(s) — f(0).

(b) If u(z,t) satisfies the partial differential equation, initial and boundary condi-
tions

U + Tug = xn’ U($,0) = zm, U(O,t) = 0.) m,n > 0)

show that
™ "

+ ,
s+m s(s+n)

a(z,s) =

where @(z, s) is the Laplace transform in ¢ of u(z, t). Hence find u(z,1).
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