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All questions may be answered, but only marks obtained on the best four questions will
count. The use of an electronic calculator is not permitted in this examination.

1. The function u(r, #) satisfies the equation

0 Ju 0 Ou
g (7‘ smt9a ) 39( 9%)-—0,
in the regions r < a, 0 < # < 7. Show that solutions of the type
u(r,0) = R(r)w(cos )

are possible if

(1- )‘52’ 2zf§ﬁ + A+ Dw =0, (1)
,&®R _ dR
d—2—+2’r‘d -AA+1)R=0,

for constant \.

You are given that the differential equation (1) has solutions regular at z = +1 only
ifAMA+1)=n(n+1),n=0,1,2,..., and that the solution in this case, normalised
so that w(l) = 1, is w = P,(2) with Py(2) = 1, P,(2) = z, P(2) = (322 — 1) /2.

Deduce that, if u(r, 6) is regular everywhere,
6) = > Anr"P,(cosb).
n=0

If u satisfies the boundary condition
u(a,f) = a + S cosh + ycos2f,

then find © when r = 0.
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2. Show that the differential equation

2y —axy' + (1+ )y =0,

where a prime indicates differentiation with respect to z, has a regular singular
point at z = 0.

Show that one solution to the equation is y;(z) = z* Y _poq akz*, ap = 1, where A
takes a value to be determined and

(=1)
G+ r—12(k+A—22.. (A + 1A

arp =

Show that a second, independent, solution of the equation is

1)kz*S £ 1
yg(x)—xlnmz((k')2 -2z z( (36"')1:2 5 Sk=Z;..

r=1

3. (a) Given y = J,(Az) satisfies the equation

d? dy
2d$g+m~(-1; +(Mz2-n?)y=0, n=0,1,2,...,

verify that

/1 zJn(Ax)Jn(Niz) dz = /\iJKg)‘)J)'I:2(/\i), (A#N)
0 = A

if \; is a positive root of J,(z) = 0 and a prime denotes differentiation. Deduce
that the integral vanishes if ) is a root of J(z) = 0 other than A;. Find an
expression for

1
/ xJn(/\ix)2 dz.
0
(b) The generating function for the Laguerre Polynomials L,(z), n = 0,1,2,-

is n=0o
1 xt — .n
1t P [_1_—7} = 2 'La(a).

n=0

Use this to show that
(i) Lo(z) =1,
(ii) Ln(0)=1,n=0,1,2,---,
(ii) L!,, = L, — Ln, where a prime denotes differentiation. Find L;(z) and
L2($)
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4. (a) Write down the definition of the Fourier sine transform and its inversion for-
mula.

(b) Use the Fourier sine transform to show that the solution of V2¢ = 0 in the
quarter plane z > 0, y > 0 with ¢(z,y) — 0 as % + y? — oo, ¢(0,y) = 0 and
#¢(z,0) = f(z), f(z) = 0 as z — oo, may be written as

b(z,1) = / / £ (u) exp(—ky) sin(kz) sin(ku) dk du.

(c) Show that

s =L [7 10| i - oy

5. A function f(z) and its Fourier transform, f(k) are related through

fk) / f(z)e ™= dg and f(z) = / f(k)e™** dk.
(a) Show
() -
==/ iwa
(i) _ A
(f *9) = V2 fg,
where o
(F29)@ = [ flo-vow) dv
(iii) _
f=a) =
where * represents the complex conjugate,

(iv)
f_: 9(K)|? dk = /:g(y)2 dy.

(b) Verify the last result of section (a) if

(v) = 0 y<0
= Yexp(-y) y>0.

MATHM242 PLEASE TURN OVER



6. (a) State the definition of the Laplace transform L[h(t)](s) for a function h(t), and
use it to prove
)=1/s, £lexp(-at)] = ——
d
£|%] - sciswi- s,
where @ > 0, f(t) =0fort < 0.
(b) Write down the convolution theorem for the Laplace transform and use it to
show
t 1
c|[ 1@ aa) = Leiso)
(c) Show that the Laplace transform of the solution to the equation
dy /‘ 1 0<t<1,
— +6 5 dq = 0) =0,
o oyt oy(q)q {0 £ 1, y(0)
fort >0, is
(v = 1 — exp(—s)
| (s 1)(s+5)
Find y(t).
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