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All questions may be answered, but only marks obtained on the best four questions will
count. The use of an electronic calculator is not permitted in this examination.

1. Use the method of separation of variables to show that the solution of the partial
differential equation

%=%[(1—x2)g], -1<z<1, t>0, u(z,0)=f(z),

that is both analytic for —1 < z < 1 and bounded as t — oo, is

u(s,t) = 3 exp(—n(n + 1)t) An Pa(c).

n=0

Here P,(z) is the Legendre polynomial of order n and A, are constants. Find
expressions for A, in terms of f(x). Comment on the solution as t — co.
[You may use the two results below without proof, but you should state clearly any.
other results you use.

(a) y = P,(z) is the polynomial solution of Legendre’s equation of order n,

(1-2%)y" — 22y’ + n(n+ 1)y =0.
(b) [l P2(z)dz =2/(2n +1)]

2. Show that the differential equation
zy"+ (1+z)y +2y =0,
where a prime denotes differentiation with respect to z, has a regular singular point

atz = 0.

Show that one solution to the equation is y(z) = z°) ,o, axz*, where c takes a
value to be determined, ay = 1 and

(k+c+1)
(k+c)k+c—1)---(2+c)1+)?

A = (—l)k

Show that a second, independent, solution of the equation is
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3. (a) Legendre’s equation of order n is
(1-2*)y" — 2z +n(n+1)y=0, n=0,1,2,-

where a prime denotes differentiation with respect to z. You are given that it
has a polynomial solution P,(z). Show that

/_1 Po(z)Pn(z)dz =0, n+#m.

(b) The generating function for the Bessel functions J, (z) is

n=~oo

exp [z(w —w™)/2] = Z w"J ().

Use this to show that
() Jn(z) = Jon(~2),
(i) Jo(z) = (=1)*J_n(z),
(i)
exp(iz sinb) = Jo(z) + 2 Z Jn(z) sinnf + 2 Z Jn(z) cosnd

n odd n even

Use the result (iii) to show that, if m is an integer,

/ cos mf cos(z sin §) df = 21 Jm(z) ?f m ?s even,
0 if m is odd.

Vo~

4. A function f(z) and its Fourier transform, f(k) are related through

fk) = / f(x)e**dz and f(z) = / fk)e* dk.
(a) Show
(i) f(z) = ikf(k),
(ii) (f *9) = V2rfg, where (f * g)(z) = [ f(z - y)g(y) dy.
(b) Consider the equation for u(z,y), —00 < z < 00, y > 0
Vu=0, u(z,0)=f(z), u(s, y) = 0as /22 + y2 - .

Use the Fourier transform to show that

* 1)
=3 | e

1 =zl < 1,
f("’)‘{o lz| > 1,

If

then show that

u(z,y) = ;r [tan‘l (I_Tx) + tan™! (lzx)] :
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5. (a) State the definition of the Laplace transform L[h(t)](s) for a function h(t), and
use it to prove

LH@] =1/s, L[f(t - a)] = exp(—as)L[f ()],

d
LISO) = — 5L (1),
where a > 0, f(t) = 0 for ¢ < 0 and H(¢) is the Heaviside step function.

(b) Use the Laplace transform to show that the solution to the equation

d*z dx
W_'_I(t) —tH(t—a), 117(0) = 0, EZ(O) ——-0,
fora,t>0is
o(t) = 0 | %f t<a,
t —acos(t — a) — sin(t — a) if t>a.
[You may use the Bromwich inversion formula
o(t) = 5% /7 e L[z](s) ds,

with a suitable choice of - |

6. Consider the integral equation
u@)+ [ f@-eu(e) d = g(a),

where f and g are given functions and u is to be found. Show that if f(k) and §(k)
are the Fourier transforms of f and g respectively, then

N T R () N
)= \/57?/.001+\/ﬁf(k) k-

u(z
Show that if ,
g(z) =e="2,  f(z) = Lte Ml
then . -,
— ,—T2/2 / —52/2 —~V2|z—s| d
T)=¢€ — e e s.
u(z) =/ |

[You may use the results

fo%s) o0
/ coz kz dk — Zr.e—alrl, a>0, / e /2 cos kx dx = \/27re_k2/2-]
o @2+ k2 a oo
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