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All questions may be answered, but only marks obtained on the best four guestions will
count. The use of an electronic calculator is not permitted in this examination.

1. The function u(r, §) satisfies the Laplace equation

10 ( Bu) 1 %u
+ 5=,

ror\'or) " o0

in the region r > a, 0 < 6 < 7/2 where r and 6 are the usual polar coordinates.
The boundary conditions

u(r,0) =0, u(r,w/2)+ -g%(r, 7/2) =0, u(a,0)=f(0), u(r,8) —0asr— oo,
are imposed.
(a) Look for solutions of the type u(r,8) = R(r)©(d) and show that
0" + X0 =0,
rR"+rR — MR =0,
for some A > 0. Show also that A must take values A = A\,, n = 1,2, -, where
tan(A,7/2) + Ap = 0.

(b) Show graphically that there are an infinite number of such \,.
(c) Show that

) /2 .
—g};(a, 0) =— Z M Jy W/“zf(d)) Sin And df sin A\,0.

e S sin® A\, ¢ d¢b
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2. Show that the differential equation

(z* —2)y" + (Tz — 1)y’ + 9y = 0,

where a prime denotes differentiation with respect to z, has a regular singular point
at z = 0.

Show that one solution to the equation is y(z) = z°> ;o axz*, where c takes a
value to be determined and

(k+c+2)?

HT Tk

Show that a second, independent, solution of the equation is

lan (k +2)%(k + 1)
k=0

ﬂhlw

— =Y (k+2)(k + 1)k(k + 5/3)z*
k=1

3. Legendre’s equation of order n is
(1-2%)y" -2z +n(n+1)y=0, n=01,2,---,

where a prime denotes differentiation with respect to z. You are given that it has
a polynomial solution P,(z) where

1
; Fu \/1 — 2zt + &2

(a) Show
P.(1) =1, Pon1(0)=0, Por(0)=(-1)"2m)!/(4™(m))?), m=0,1,2,---

(b) By considering h(z) = (1 — )™, or otherwise, show that

1 d , , \n
0@ = i & Y
satisfies Legendre’s equation of order n.
(c) Show v,(1) = 1 and deduce v,(z) = B,(z).
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4. A function f(z) and its Fourier transform, f(k) are related through

7 1 « —ikz _ _l_ ® 2 ei T
o) = —= [ )t e and f@) = —= /_ Fe a
(a) Show
(F9)=Vafs, where (Fr9)@ = [ fz—v)ols)dy

and deduce

/ Z Fryae) ae = [ Z f(~2)g(z) da.

(b) If h(z) = 1/(2® + a?), a > 0, show that

ooy [mexp(—alkl)
i = 322D,
and deduce that

/oo d = i a>0, b6>0
oo (22 +a2)(z2+ b2)  abla+b)’ ’ '

5. Consider the Laplace equation for ¢(z,y)

&8¢ ¢
5;6_2 5:&'2'=0, —o<r<oo, y=>0,

with boundary conditions

é(z,y) bounded as /22 +y? — 00, &(z,0) = S.(z),

where
1 z > 0,
Se(z) = sgn(z)exp(—elz]), €>0, sgn(z)=¢-1 z<0,
0 z =0.

(a) Use Fourier transforms to show that

2 [ kexp(—ky) .
dz,y) = ;/0 a2 oo kz dk.

(b) Show that, if € =0, then
o _2_Y

or  wz2+y?
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6. The Laplace transform L[f](s)

f(s) of the function f(t) where f(¢) =0 for ¢ < 0
is defined as

f(s) = /0 ) exp(—st) f(t) dt.
(a) Show

| 2
L) =y Llexplat)] = Sfa and £ [t?%g] = 2 (*F().

(b) The function y(¢) satisfies the equation

@y _

2
dt?

y=1t", n=0,1,2,---.

Show that its Laplace transform, §(s) satisfies the equation

] dyg 7!
a2 T =

Hence show that a solution for y(t) is given by

tn

ut) = AP+ gy

with A an arbitrary constant.

(c) Use the Laplace transform to show that the integral equation

y(t) = exp(—t) + 3/0 exp(—22)y(t — 2) dz,

has solution
y(t) = Sexp(t) —  exp(~1).

You may assume that E[fé g(2)h(t — 2) dz] = L[g|L[A].
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