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All questions, including just parts of questions, may be attempted. Credit
will be given for all correct work done.

For guidance: A student should aim to answer correctly the equivalent of five questions
in the time available.

The numbers in square brackets in the right-hand marygin indicate the provisional alloca-
tion of mazimum marks per sub-section of a question.

1. (a) Define what is meant by a “conservative vector field”. If the curl of a field F.
vanishes, then what can one say about the field £ being conservative or not? (3 marks}

The vector fields F,(z,y, z) and F,(z,y, z) are defined, in Cartesian coordinates,
by:

Fi(z,y,2) = (2zy - 2°), +2°¢, — (5z2* + 1)é. ,

Fa(z,9,2) = (2zy - 2°), + 2%, + (522" + 1)¢, .
Is either of these vector fields conservative? Show which one of these field is con-

servative. For this field determine (up to an additive constant) the scalar potential
from which such a field arises. (6 marks]

(b) Stokes’ theorem states that the line integral of a vector field G along a closed
loop C is equal to the flux of the curl ¥ x G through the surface enclosed by C:

$G-ar=[(¥xG)-ds,
c c
where dS points towards the region of space from where an observer would see the
loop integral as anti-clockwise.
Consider the vector field G(z, y, z) given, in Cartesian coordinates, by:
Q(I! Y, Z) = zyéz - 31'_6:” + zz-e:z -

Find the curl ¥ x G. Evaluate the line integral § G(z,y, z) - dr around the square
lying in the zy plane (z = 0) and bounded by the lines z = 3, z = 5,y = 1
and y = 3, either directly or by applying Stokes’ theorem (take the line integral
anti-clockwise as seen from the positive z semi-space). (5 marks)

(c) By virtue of the divergence theorem, the outward flux of a vector field G through
any closed surface S is equal to the volume integral of its divergence ¥ - G over the
volume V enclosed by the surface:

fGas=[v-Gav,

where dS points outward from the closed surface.

Consider the scalar field in Cartesian coordinates:

H(z,y,z2) =z +1y’ — 2.
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Express H in cylindrical polar coordinates p, § and z (where p* = z2 + y? and
6 = arctan(y/z)). Given the expression for the Laplacian in cylindrical polar

coordinates
1£(8f)+ 1 8*°f &*f

2r v -7 —_—
v Pae) T @oe T o

" pp
determine V2H(p, 9, z).

Either directly or by applying the divergence theorem, evaluate the outgoing flux
of the gradient VH, given by

[wH-as,

over the total surface of a cylinder of radius R and height h with its base lying on
the z = 0 plane and centred at the origin.

. Consider the following second-order linear differential equation

d2y
Taz?

d
+(2-2)3 +by=0, ¢y

where b is a constant. By writing equation (1) in the form y” + p(z)y’ + ¢(z)y = 0,
or otherwise, determine where this equation is singular.

Solutions of equation (1) can be written in the form:

y= a,z""*,  ag#0.

n=0
Show that k =0 or k = —1.
Derive the recurrence relation

n+k-=0>
n+k+1)(n+k+2

an+l=( )ﬂn‘

Demonstrate that the series solutions converge for all values of z.

In the special case of b = m, a positive integer, show that the series with £k = 0
terminates at n = m to yield a polynomial solution.

Obtain this solution for the case of b = m = 2 and demonstrate that it satisfies
the differential equation (1).
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3. If a matrix H is described as Hermitian, what property does it have? Prove that
the eigenvalues of a Hermitian matrix are real. What property must the associated
eigenvectors have? (7 marks)

The matrix A is given by
5 =6 1
A= -5 11 -5
1 -5 5
Is A Hermitian? What is its trace? [2 marks)
Verify that A\; = 16 is an eigenvalue of A and that its associated eigenvector can
1
1
be written as y; = — | —2
5 \/6 )

Show that A\, = 4 is also an eigenvalue and obtain the third eigenvalue, A\;. Find
the normalised eigenvectors corresponding to eigenvalues A; and Aj. (11 marks)

4. A particle of mass m = 1 is moving on a plane. Its position is represented, in
Cartesian coordinates, by the two-dimensional vector r =

The particle is subject to a conservative force field F(r), with potential energy
U(r)

U(r) = ( )?

Write down the general relation between the force F(r) and the potential energy
U(r) F(r) acting on the particle. (3 marks)

Find the work done against the force F(r) when the particle moves from the point
(0, 0 [2 marks]

Write down the particle’s equation of motion and show that it can be written as
t=Ar

where A is the 2 x 2 real matrix {4 marks]

~(3%)

Find the eigenvalues and eigenvectors of A. (5 marks]

Use these eigenvalues and eigenvectors to obtain two uncoupled differential equa-
tions describing the motion. Solve these equations for the initial conditions z =

Y. (6 marks)
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5. In atomic units the Schrodinger equation for the hydrogen atom can be written as

(4-2)oso

where, in spherical polar coordinates:
10,9 1 8 a 1 o
2_~090 (20 9 {enn L. o .
V=55 (" Br) + Zein6 60 (Smg ao) t Ten?6 94
By writing
¥ = R(r)0(0)2(¢)
show that ®(¢) must satisfy the equation
so
d¢?

What are the solutions of this equation? Explain why m, the constant of separation,
must take integer values.

= -m2d .

Hence show that R(r) must satisfy the radial equation

1d { ,dR 2
EE (T E) +RT+ERT —/\R,

where A is another constant of separation. Obtain the corresponding equation for
o(8).
For the special case of A = 0, show that the radial equation can be written as

142U

1
§W+[;+E]U=0

where U(r) = rR(r). Show that for large values of r
U(r) = Aexp(ar) + Bexp(—oar)

where a = (—2E)%. How can this solution be simplified for bound states of the
hydrogen atom?
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6. (a) Any continuous function f(z) in —1 < z < 1 can be expanded in terms of
Legendre polynomials as

f(z):ia,,én(x) for —1<z<+1.
n=0

Given the orthogonality relation

" Pp(z)P,(z)dz =4 _2_
L Pr@Bate)de = bonzy
derive a formula for the coefficients a,,. (5 marks]

Given the first two Legendre polynomials
PQ(I)=1, P1($)=!E,

find the first two coefficients ag and a; of the expansion of the function a e®l*!,
where « is real.

(b) The electrostatic potential of a charge Q located on the z axis at the point
(0,0,d) (in Cartesian coordinates; note that d can be either positive or negative),
reads, in spherical polar coordinates:

o !
vins, 9 (d)

47!’501‘ =0 \7

[5 marks)

Add now a second charge —Q on the z axis at point (0,0, ~d). Write down an
expression for the total potential Vr created by the charges Q and —Q in spherical
polar coordinates. (4 marks]
Consider a charge g very far from the origin (d « 7). By approximating the total
potential Vr due tocharges Q and —@Q to the first non-zero term of the expansion in

Legendre polynomials, and using the expression of the gradient in spherical polars
(given below), find the electrostatic force acting on the charge ¢ in this case. (6 marks]

The gradient operator in spherical polar coordinates is

_3_+,,l£ & 1 _3_
ar T2 ‘

V=¢
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7. (a) Let f(z) be a function of period = defined by
f(z) =sin(z) for - -72[ <z< +g .
Is f(z) an even or odd function?

Show that the Fourier expansion of f(z) can be written as
f(z) = bysin(2nz)
n=1
where the coefficients b, are given by [4 marks]
2 rn/2
by = — / sin(2nz) sin(z) dz .
mJ-n/2

Determine the coefficients b, and hence show that [5 marks]

f(z) = % f: (—1)"1 _81;112 sin(2nz) .

=1

Parseval’s identity for a function f(z) with general period 2L reads
O 2.9 _ 2, 19x, 2 2
o [, U@ dz = (ao/2 + 5 3(a3 +82)
Apply Parseval’s identity to prove {3 marks]
00 n2 1!'2
2(1-47;2)2 ~ 64

(b) The function g(z) is defined by
g(z) = sin(z) for -l<z <+,
g(z) = 0 for |z 21,

where [ is real and positive. The Fourier transform g(k) of g(z) is defined as

30 = = [ eg(z)ds

V2T

Give the general way to obtain the original function g(z) from its Fourier transform
g(k) (i.e., to obtain the inverse Fourier transform of g(k)). [3 marks]

Prove that, in the limit | — +o00, one has [5 marks)

lim §(k) = i/ (6(k + 1)~ 6(k ~ 1)],
where é stands for the Dirac delta function.
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