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Answer FIVE questions only.

Numbers in square brackets show the provisional allocation of marks per sub-
section of the question.

1. (a) Show that if for two matrices A and B the product AB is defined that

(AB)T = BTAT (2 mark]

(b) Given are the matrices

1 1 -1 0
A=1| 0 1 B=| 4 2 Q=(7—1 2)
2 0 2 3 -1

Give AT, BT and C7. [3 marks]

(¢) Which of the following matrix products are possible? Evaluate the
ones which are possible:

O N =

AB, ABT BA, BTAT, AC, CA, CB, BTC", CC. (9 marks]
(d) Calculate A™". [6 marks]
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2. The real quadratic form F in three dimensions is given by:

F=21%-8zy+2y*+42°=0,

(a) Write down the matrix A so that F' is given by

F=vyTAv=0,

withyT=<x Y z)‘

(b) Find the three different eigenvalues of A by writing the characteristic
equation in the form

(=N {(g=N*~r}=0

and calculating the values of p, ¢.and r. Calculate the three corre-
sponding normalized eigenvectors.

(c) Evaluate the transformation matrix S, for which STAS is diagonal.

Set 4 =
ul = (I
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STy and write the quadratic form F' in the new variables
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3. f and g are real vector fields in three dimensions and U and V are real

scalar fields in three dimensions.

(a) Define the terms div, grad and curl in terms of the operator ¥, real
vector field f and scalar field U.

(b) Proof V¥ x (YU)=0and V- (V¥ x f) =0

and then show that

r2—2

rd

f_:

r,

z
withz=(y) and r = |r|,
2

can be written as a gradient field (f = gradU)
(c) Show ¥ - (UYV) = (VU) - (¥V) + UX - (¥V).
(d) Show V- (fxg)=g-(¥x f)—[f- (¥ xg)

4. Solve

d? d
2(z? +$3)_dx—z —(z— 3x2)a—z- +y=0,

with a general series solution. Write the differential equation in the general

form
d2y

dz?

+p(z)5= +q(z)y=0.

dy
dz

Evaluate the singular points of the differential equation. The equation has

a series solution of the form

00
y = Z an$n+k )
n=0

Write down the indicial equation and show that £ = % and k£ = 1. Show
that the recursion relations are given by

Qnyl = —0n .

Give the radius of convergence of these series. Calculate the first 4 terms
of the series solution and show that the general solution can be written in

the form

y(z)
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5. The function f(z) is defined on the intervall

f(z) =2cosz

(a) Is f(z) and even or odd function?

(b) The Fourier expansion is given by

~T L
4

<z < % with

nwz nwx
flz) = 5a0+§:ancos—z—+2b sin —— T

with —L < z < L. Show that the Fourier coefficients of f (z). = 2coszx

with L = % are given by

Qn

I
SHIN
\al:

|
k]

s
Il
o

(c) Evaluate the coefficients a,, and show

@y =22, Z( )"

s
Hints: _
_ 1 (sin(a—b)z | sin{at+b)z
fcosaxcosbr dr = ; ( st T ats
and

sin(a + b) = sina cos b + cos asin b.

)

f(z) cos (4nx) dx

————— Cos dnx .

16n?2

(d) By considering f(z) at z = w/4 calculate the value of the series

> 1

nzz:l 16n2 -1
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(a) Use

nPy(z) = (2n — 1)zP,_1(z) — (n — 1) Py_2(x)
with Py(z) = 1 and Pi(z) = z to calculate P»(z) and P3(z). Then

express
i. 3224z -1
ii. z—23

in terms of a finite series of Legendre polynomials.

(b) The generating function g(z,t) is related to the Legendre polynomials

via
1 o0
D ——— Ly -}
9(@1) V1 -2zt + £2 ,;, ()
Show 9 9
o9 _ .99
(z t)ax_tat

. (1)

(2)

(c) By substituting the series from equation (1) into equation (2) show

that
2P, (1) — P,_1(z) = nPy(x)

(3)

where the prime denotes the derivative with respect to z.

(d) Differentiate
(1 — 22) P/ (z) = nP,_1(x) — nzP,(x)

with respect to z and eliminate P,_; with the help
What is the resulting equation?
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7. The Schrodinger equation for a particle of mass m in a one dimensional
potential V(z) is given by
R? 0%V (z,t) B ih@‘l’(z,t)
2m  Ox? - ot

(a) If you write ¥(z,t) = F(z) x T(t) show that the solution of the dif-
ferential equation is of the form

+ V(z)¥(z,1)

T(t) = Ce*EH/A

(b) Show, that for zero potential (V(z) = 0), the solution is given by

W(z,t) = {Acoskz + Bsin kz} e /A (4)

Further show that k and E are related by

(c) Assume now that V =0 for 0 <z <! and ¥(z,t) =0 at z =0 and
z = | for all times ¢. Show that the general solution fullfilling these
boundary conditions is

S . N _igat/h
¥(z,t) = > Bpsin e "
n=1

Give E,, as a function of n.

(d) |W|? is the probability of finding a particle at position x. Show that in
order to to ensure

1
/ U2 dz=1.
0
the coefficients B,, have to obey
s 2
Z IBnlz =7
n=0 l

Hint: [7_sinmzsinnz dz = 7um.

PHAS2246/2007 END OF PAPER

[3 marks}

[2 marks]

{1 mark]

{8 marks]

{6 marks])



