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All questions may be attempted but only marks obtained on the best fou r  solutions will 
count. 
The use of an electronic calculator is n o t  permitted in this examination. 

. (a) State, wi thou t  proof, the general formula for a Fourier series on ( - L ,  L),  with 
L > 0, for a function f (x ) ,  giving the expressions for the coefficients. 

(b) On ( - ~ , ~ ) ,  find the Fourier series of f (x )  = x. 

(c) Hence or otherwise, find the Fourier series of g(x) = x 2, on the range (-7~, 7r). 

(d) Hence or otherwise, show tha t  

7c 4 oo 1 

n4 ' 
n~--I 

stat ing (without  proof) any well known identity used. 

. (a) In the  following, r = ]rl, where r is the position vector. Express ing your 
answers in terms of r and r as far as possible, determine the values of 

g radr ,  g r a d r  -1, d i v g r a d r  -1, d ivr ,  curl c u r l ( r x a ) ,  

where a is a constant vector. 

(b) Find 
¢ = div grad (exp(x)sin(A(y + z ) ) c o s ( p ( y -  Z)))" 

What is the  condition on ,~ and # for ¢ - 0? 

3. (a) Find the  arc length of the curve C given by 

r( t)  = (cos(t),sin(t),t), 0 < t <~ 27~. 

Sketch the  curve C. 

(b) Find 

I =  f c  F . dr, 

where C is defined in 3a and F = (y, x, x 2 + y2). 

(c) Determine whether  or not the vector field F defined in 3b is conservative. 
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. (a) Define the Jacobian 
a(x,y) 

where x(u, v) and y(u, v) are smooth functions. Show directly from your defi- 
nition that  

- 1  

/ 
(b) Determine the Jacobian, from your definition, for the change of coordinates 

from Cartesian coordinates to plane polar coordinates. 

(c) By a suitable change of coordinates, or otherwise, find 

I = exp ( - a ( x  2 + ¢ ) )  dx dy, 

where a is a positive constant, and show in a diagram the region of integration. 

. (a) State carefully the divergence theorem. 

(b) Expand 
div ( ( J ) ( r  • c)), 

where div J = 0 and c is a constant vector. 

(c) Hence, or otherwise, turn the following volume integral into a surface integral: 

v J dV, 

where div J = 0 and V is some bounded region of three-dimensional space 
with surface S. 

(d) Verify your result for 5c in the case where J = k and V is the unit ball. 

. (a) State carefully Stokes' theorem. 

(b) State carefully Green's theorem in the plane. 

(c) Show that  Green's theorem in the plane is a special case of Stokes ~ theorem, 
defining all your symbols carefully. 

(d) Veri~ Green's theorem in the plane for 

c(Yadx + xydy),  

where C is the unit circle. Hint: Use symmetry  arguments where possible. 
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