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All questions may be answered, but only marks obtained on the best four questions will
count. The use of an electronic calculator is not permitted in this ezamination.

1. (a) Define the scalar product a-b of the vectors a and b. Give a full definition of
their vector product a A b.

(b) A tetrahedron is formed by the four points O, A, B, C.
A

o B

If a, b and c are the position vectors of A, B and C relative to O, show that
the vector from the midpoint of OA to the midpoint of the opposite side, CB,
is

s(b+c—a).

Show that the lines joining pairs of opposite sides meet and that, if all the
edges of the tetrahedron have the same length, then they do so at right angles.

2. State De Moivre’s theorem and use it to show that

(a)
8(1+4v3) 2 +1=0.
(b)
4tanf — 4tan3 9
1—6tan?6 +tan?@’
Hence show that the roots of the equation

tan 46 =

zt+ 422 — 622 -4z +1 =0,

are

tan<%+n%), n=201,2,3.
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3. Sketch the functions sinh™! z, cosh™! z, tanh™' z on the same graph.
Establish, from the definition of sinh z, that

sinh™ 'z =1n (x+ V1 +x2) .
You are given that y = (sinh™! )2 satisfies the equation

dy _,

d2y
< —_—=
Q1+=z )dx2+$da:

Use Leibnitz theorem to show that

dn+2y 0 d"y
Tz 0) +n°32(0) =0,
and deduce the first four non-zero terms in the power series expansion of y(z) about

r =0.

4. (a) Show that
1 _ sec?f
sinfcosf® tanf’

and hence deduce that

dx
= 2 t.
/ sin In (tan(z/2)) + constan

Find the solution of the differential equation

. d .
sinz—2 +y = sin?z,

dz
that is finite at £ = 0.

(b) Use the substitution ¢t = tan(#/2) to show that

/7r df =In2
xjz1+sinf—cosf

5. Solve the differential equations

(@) y—z—4)y =(y—z+2),

(b) zyy' =y% — /22 + 9% y(1)=0.

where primes denotes differentiation with respect to z.

6. Solve the differential equations

(a) y" — Ty’ + 6y = coshz + ,
(b) z%y” +4zy’ + 2y =3/2%, y(1)=y'(1)=1

where primes denotes differentiation with respect to z.
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