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All questions may be attempted but only marks obtained on the best fou r  solutions will 
count. 
The use of an electronic calculator is n o t  permitted in this examination. 

Geodesic Equation (U a = dXa/dr)  

dU a 

d r  
- - + F a ~ U b U  ~ = O; (1) 

dpa _ m (Oagbc) ubu~; (2) 
dT  2 

1 
r%~ = ~g (o~g~ + 0og~-  0dg~). (3) 

Geodesics parameterized by A 

d2X a dX b dX c 
+ Fat~ - -  

dA 2 dA dA 
- -  - - 0 .  

Schwarzschild metric line element 

dr2: (1-  ~)dt 2- (1-  ~)-1 dr2- r2(d02 + sin20d¢2); 
r /  

Faraday tensor 

- B y  Fa b F,,b = E~ 0 Bz 
E y  - B~ 0 ' = 

E~ By - B ~  

o E~ E~ 
- E ~  0 Bz 
-Ey -B~ 0 
-E~ By -B~ 

Dual Faraday tensor 

1 6abCdFc d -= *F "~ - 

0 +B~ 
-B~ 0 
-By E~ 
-Bz -Ey 

Maxwell Source Equations 

Internal Maxwell Equations 

Ob Fab . a  3e. 

+B. +B~h 

0 -- " 

E~ 

OaF~ + o~F~a + OcFab = 0 or Ob*F ab = O. 

rs = 2GM. 

- B y  . 

(4) 
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. (a) Determine which of the following equations is a valid tensor equation. Describe 
the errors in the other equations. 

(b) 

(c) 

(i) A,~b = Ba + Cb + D,b; 
(ii) M ab = G ba + QaRb; 

(iii) Jb = TaCFbcZadd; 

(iv) K% = Y~Z%X%;  

Describe how VaWb transforms from unprimed coordinates X ~ to primed coor- 
dinates X'% Show that VaWa is a scalar. 

Consider a two-dimensional manifold M with coordinates X 1 and X 2. Suppose 
the tensors V =, Tab, and P&c have the values 

V 1 = 2; V 2 = 3; V :  

T :  

P :  

T21 1 T22 ' 

p n l = l  p121 = ~ ) .  
p211 1 p221 ' 

P n 2 = 4  p 1 2 2 = ~ )  
p212 1 P222 

Find the following tensors: 

(i) Qb~= vbvc; 

(ii) R'~b = TbcQaC; 

(iii) S a = P~b.  

(d) Suppose S ab is a symmetric tensor and A~b is antisymmetric. Derive a simple 
expression for 

Sab A ab , 

showing your work. 

(e) Using index notation prove the vector identity 

V x V f = 0 .  
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2. Suppose a spaceship rest frame S moves at a velocity V in the x direction with 
respect to the Earth frame E. Let U ~, m, and ~ be the &velocity, rest mass, and 
3-momentum of the spaceship. Also let the &acceleration be a ~ = dUa/d.r. 

(a) (i) What  is U~? What  is U~? 

(ii) Show that  U - U  -- 1. 

(iii) Show that  U .  a = 0. 

(iv) Define the energy-momentum form with components E and - ~  and show 
that  E 2 = [~[2 + m 2. 

(b) A metre stick is at rest in the spaceship rest frame S. Derive an expression for 
its length as measured in the Earth frame E. What  is its length as measured 
in E if V = 0.8? 

(c) Suppose the spaceship passes through an electro-magnetic field described by 

the Faraday tensor F~b and the dual Faraday tensor *F "b. Define a four vector 

]~b = V a $ F  ab 

V c ~ where Ua = g~ . Express Be b and Bs b in terms of E ,  B ,  V, and 7 = 
( 1  - V2) -1/2. 

. (a) Consider a particle of mass m0 moving in a geodesic around an object of mass 
M whose gravitational field is described by the Schwarzschild metric. The 
particle moves in the plane 0 -- r /2 .  Rewrite the Schwarzschild metric in the 
coordinates (t,x, ¢), where x = r/rs. 

(b) Show that  along a geodesic there are two conserved quantities k and h. Express 
dt/dr and d¢/dT in terms of k and h. 

(c) Derive an expression for dx/dr in the form 

\ d r /  + V ( x ) = C  

where C is a constant. What  are the effective potential V(x) and the effective 
energy C? 

(d) Suppose that  h = 2r8. Find the radii xl and x2, Xl < x2 where the effective 
potential has an extremum (maximum or minimum). Show that  the particle 
can have circular orbits at these radii for particular values of C. What  is the 
value of C for a circular orbit at xl ? 

(e) Give a rough sketch of V(x) (again with h = 2r8). 

(f) Show from the sketch, or otherwise, that  the outer circular orbit at x2 is stable. 
Also show that  the inner orbit at xl is unstable. 
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4. The metric line element for Euclidean 3-space E 3 is ds 2 = d x 2 +  dy2+ dz 2. The two- 
dimensional surface H 2 embedded in E a is paxameterized by coordinates (X 1, X 2) = 
(r, ¢), where 

x = Rcosh rcos¢  

y = R c o s h r s i n ¢  

z = Rsinh r. 

(a) Express the metric line element in the coordinates (r, ¢). What  is the metric 
tensor go, in these coordinates? 

(b) Calculate the Christoffel symbols Fab~ for this metric. 

(c) From the geodesic equation, find the differential equations for a geodesic, i.e. 
find d 2 r / d s  2 and d2¢/ds 2 for a geodesic parameterized by s. 

5. Let f be a scalar field and X ~ be a vector field. The covariant derivative Vb acts 
on these fields as follows: 

V b f  = abf  

(VbX)  a = Ob x a  + rabcX c. 

Also, Vb obeys the product rule. 

(a) In general relativity, explain what is meant by a locally inertial frame (LIF) 
near a spacetime event P? What  two conditions on the metric gab apply in an 
LIF? What  values do the Christoffel symbols F~b~ take in an LIF? 

(b) Derive the formula for the derivative of a type ( ~ )  second rank tensor M~d: 

(VbM)cd = ObMcd --  FabcMad --  FabdM~c. 

(c) Let g~d be the metric tensor. Calculate (Vbg)~d, showing your work. 
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