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All questions may be attempted but only marks obtained on the best four solutions will

count.

The use of an electronic calculator is not permitted in this examination.

Geodesic Equation (U® = dX*/d7)
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dpa m b
- = 7 \Uabbc U UC; 2
dr 2 (a 9o, ) (2)
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e = §gad (B69ed + Ocgoa — Oagoe)- (3)
Geodesics parameterized by A
d2Xe dX® dxe
a 7 = 0. 4
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Schwarzschild metric line element
dr? = (1 _5
r

Faraday tensor

) de? — (1 - %)—1 dr? — r2(d6? + sin? 8d¢?);

rs =2GM.
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Dual Faraday tensor
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Maxwell Source Equations
O, F® = j2.
Internal Maxwell Equations
OaFhe + OoFoa + 0Fy =0  or  3YF” =0.
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1. (a) How does a second rank mixed tensor @Q° transform under a coordinate trans-
formation between unprimed coordinates z® and primed coordinates z27

(b) The trace of a second rank mixed tensor 7T is defined by
trace(T) = T°,.
Show using the transformation laws, that trace(T) is a scalar, i.e. that it takes

the same value in all coordinate frames.

(c) Given a metric tensor g,, what is the definition of the tensor 9°*? What is the
tensor gopge?

(d) Suppose the metric tensor g, has both a symmetric part gsqs, = 9spe and an
antisymmetric part, gaa = —gapa,

Gab = gSab + G Aab-

Show explicitly that the line element d72 is independent of g4q.

(e) Consider a two-dimensional manifold M with coordinates z! and z2. Suppose

the metric is
_ (3 0
gab - O 2 .

Also let A* be a vector and S%,. a tensor with values

Al = -1, A’=2
Sty =1, Sy =0, Sly =2, Sl =3,
S% = 0, S%,=1, %y =2, 8%y =2.

Find the following tensors:
(1) Ap;

(il) X, = S%;;

(iii) B% = X°X,.

(f) Using index notation prove the vector identity
V- (AxB)=B-VxA-A-V xB.

(8) Determine which of the following equations is a valid tensor equation. Describe
the errors in the other equations.

(l) Aab = Bachc;
(i) Wy, = D E,F*;
(i) f = JK,L°.
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2. (a) What is the definition of the Lorentz group? Show that all Lorentz transfor-
mations have determinant +1. Give an example of a Lorentz transformation
with determinant —1.

(b) Suppose inertial reference frame B moves at a velocity V in the z direction
with respect to inertial frame A.

Derive the Lorentz transformation between A and B, using the principles of
special relativity. You may assume that the transformation is linear, so that

(0,90,

for some numbers a, b, ¢, d. You may also assume that ya = yg, 2a = 28.

(c) The Faraday Tensor F,, can be written in terms of the 4-vector potential ¢,
as Fop = Oppg — Oupp. The Maxwell Source Equations are 8,F% = j* where ;¢
is the current density.

(i) Show that 8,7* = 0. Describe the physical meaning of this equation.

(ii) Write the Maxwell Source Equations in terms of ¢® instead of F*®. What
do the equations reduce to if we assume Lorentz gauge, J,¢* = 07

3. The covariant derivative of a covariant second rank tensor M4 is
(VoM)eqg = OpMeg — T Mog — TpgMeq.
Christoffel symbols are assumed to be symmetric in their last two indices:
[ =I'%,.

(a) Given that the covariant derivative of the metric is always zero, i.e. (Vpg)cq = 0
for any choice of b, ¢, and d, derive the equation

1
I = §gad (OvGca + Ocgva — Bagoe)-
(b) Consider Euclidean 3-space E? with cylindrical coordinates (p, ¢, z). A conical
surface within this space can be defined by the equation
z2=ap

with a constant. Let the coordinates on the cone be (C!,C?) = (p,$). Show
that the metric for the cone in these coordinates is

_(1+a® 0O
Gab = 0 p2 .
(c) Calculate the eight Christoffel symbols I'%, for this metric.
(d) Consider a geodesic on this cone, parameterized by arclength s. Find expres-
sions for d2¢/ds? and d%p/ds? along the geodesic.
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4. The Newtonian orbit equation for a planet at radius r as a function of angle ¢ is

d¢? R

where u = 1/r and h = angular momentum/mass. Geodesics in the Schwarzschild
metric satisfy the equation

(a)

(b)

(d)

(e)

2
%;; +u= Gh*]:I + (3G M)u?.

Consider a planet of mass m moving in a geodesic around the sun (mass M)
whose gravitational field is described by the Schwarzschild metric. The planet
moves in the ecliptic plane § = 7/2. What is the Schwarzschild metric in this
plane? Obtain expressions for dt/dr and d¢/dr in terms of two conserved
quantities energy/mass k and angular momentum/mass h.

Show that
u(¢) = uo(1 + esin ¢)

is a solution of the Newtonian orbit equation. Find ug in terms of r, and h.
At what angle ¢ is perihelion for this solution? What kind of orbit has ¢ = 0?
Let

u(®) = uo(1 + esin ¢ + y(¢))

where y(¢) < 1. Consider an orbit with ¢ <« 1. Find an approximate differen-
tial equation for y(¢) good to first order in € and y.

What are the complementary functions for the differential equation derived in
(c)? What are the particular integrals? Find the solution given conditions at
perihelion y(7/2) = 0, y'(x/2) = 0.

‘The solution for y(¢) includes the precession term

(3GMewuy) (g - ¢>) cos ¢,

plus periodic terms. (Hint: these periodic terms can be neglected). Let the
next perihelion be at ¢ = 57/2 + §¢ where d¢ < 1. Give an approximate
expression for the precession angle é¢.
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5. A spaceship accelerates away from Earth in the z direction. The astronauts feel a
constant acceleration equal to g, the acceleration at the Earth’s surface. For this
question, ignore the y and z coordinates. Proper time on the ship is given by 7.
The speed of the ship in the Earth’s frame is V(7). Let the transformation from
ship coordinates S to Earth coordinates E be

OE® (Bte/ats Bte/ams)z( v(7) v(v)vm)

St — \Oxe/dts Oz /dxs Y(O)V(r) (1)

where v(1) = (1 — V?(7))~"/2. The velocity 4-vector in the ship’s frame is

uz<T)=<3).

The covariant form of Newton’s second law of motion for an object of mass m subject

to a force F'® is D d
ua_ u’ a b,c\ _ pra
mDT -m(dT +Fbcuu)—F.

(a) The acceleration at the Earth’s surface is approximately g = 10 m s~2. Derive
an approximate expression for this quantity in relativistic units, i.e. in units of

-1

year .

(b) Let ¢(7) be defined by V() = tanh ¢(7). Write the transformation matrix in
terms of ¢(7). What is u§(7)? What is dul(7)/d7?

(c) In the ship’s frame, F = (n(z)g> What is Dug/Dr in the ship’s frame? What
is Fl()o? |
(d) What is Du% /D7 in the Earth frame? If we suppose that the Earth frame

is a Locally Inertial Frame, what is I't,.? Hence find a second expression for
duf,/dr in the Earth’s frame.

(e) Using the results above, find the function ¢(7). Hence find the function tg(7).
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