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All questions may be attempted but only marks obtained on the best four  solutions will 
count. 
The use of an electronic calculator is not  permitted in this examination. 

Geodesic Equation ( U  a ~- dXa/dr) 

dU ~ 

dr  
- - + r % c u b u  ~ = O; (1) 

dp~ _ rn 
dr 2 (O~gb~) UbU~; (2) 

F%c = 2gaa(Obg~ + O~g~ - Odgb~). (3) 

Geodesics parameterized by A 

d2X a 

Schwarzschild metric line element 

dX b dX ~ 
dA d)~ 

- -  - - 0 .  

dr2= ( 1 - ? ) d t  2-  ( 1 - r s ) - i d r 2 - r 2 ( d O 2 + s i n 2 0 d ¢ 2 ) ;  
r /  

Faraday tensor 

o - E .  -E~ 
-By  . F a  b : Fab= E~ 0 B~ - E ~  0 

Ey -B~ 0 ' -Ey -B~ 
E~ By -B~ -Ez By 

E~ 
Bz 
0 

- 4  

Dual Faraday tensor 

, F  ab 1 ~abCd Fcd = =5 0 +B~ +By +BoEI) -Bx o -Ez & 
-By  Ez 0 - " 
- B z  -Ey Ex 

Maxwell Source Equations 

Internal Maxwell Equations 

ObFab .a Je" 

OaFbc + ObFca + OcFab = 0 or Ob*F ab = O. 

rs = 2GM. 

--By . 

(4) 
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. (a) How does a second rank mixed tensor Qa b transform under a coordinate trans- 
formation between unpr imed coordinates x a and primed coordinates x'a? 

(b) The  trace of a second rank mixed tensor T is defined by 

(c) 

(d) 

trace(T) --- Taa. 

Show using the  t ransformation laws, tha t  trace(T) is a scalar, i.e. that  it takes 
the same value in all coordinate frames. 

Given a metric tensor gab, what  is the definition of the tensor gCa? What  is the 
tensor gabgb~? 

Suppose the  metric tensor gab has both a symmetric part gsab = 9Sba and an 
ant isymmetr ic  part,  gAab = --gAba, 

gab : gSab -I- ffAab. 

Show explicitly tha t  the line element dT 2 is independent of gAab. 

(e) Consider a two-dimensional manifold M with coordinates x I and x 2. Suppose 
the  metric is 

Also let A a be a vector and S%c a tensor with values 

A 1 - -  1, A s = 2; 

S l l l  : 1, s l 1 2  : 0, 

$211 : 0, $212 = 1, 

Find the  following tensors: 

(i) Ab; 

(ii) Xc = Saac; 

(iii) Bac = XaXb .  

(f) Using index notat ion prove the vector identi ty 

S121 : 2, $122 = 3, 

$221=2 ,  $222=2 .  

V .  (A x B)  = B . V  x A - A . V  x B.  

(g) Determine  which of the  following equations is a valid tensor equation. Describe 
the  errors in the  other  equations. 

(i) Aab = B°~F%; 

(iX) Wab~ = D~EbFa; 

(iii) f = JbKaL a. 
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. (a) Wha t  is the definition of the Lorentz group? Show tha t  all Lorentz transfor- 
mations have determinant  +1. Give an example of a Lorentz t ransformat ion  
with determinant  - 1. 

(b) Suppose inertial reference frame B moves at a velocity V in the x direct ion 
with respect to inertial frame A. 

Derive the Lorentz transformation between A and B, using the  principles  of 
special relativity. You may assume tha t  the t ransformat ion is linear, so tha t  

for some numbers a, b, c, d. You may also assume tha t  yA = ys, zA = zs. 

(c) The Faraday Tensor Fab can be wri t ten in terms of the 4-vector potent ia l  Ca 
as Fab = o~¢a - 0a¢b. The Maxwell Source Equat ions  are 0bF ~ = j a  where  ja  
is the current density. 

(i) Show that  O j  a = 0. Describe the physicM meaning  of this equation.  

(ii) Write the Maxwell Source Equations in terms of ¢a instead of F ab. W h a t  
do the equations reduce to if we assume Lorentz gauge, 0a¢ a = 0? 

3. The covariant derivative of a covariant second rank tensor M ~  is 

(VbM)cd = ObM~d -- F a ~ M a d  - FabdMca. 

Christoffel symbols are assumed to be symmetr ic  in their  last two indices: 

Facb - =  F a b c  , 

(a) Given tha t  the covariant derivative of the metr ic  is always zero, i.e. (Vbg)~d = 0 
for any choice of b, c, and d, derive the equat ion 

1 

(b) Consider Euclidean 3-space IE a with cylindrical coordinates  (p, ¢, z). A conical 
surface within this space can be defined by the  equat ion 

z = a p  

with a constant.  Let the coordinates on the  cone be (C 1, C 2) = (p, ¢). Show 
that  the metric for the cone in these coordinates  is 

1 + a  2 0 )  
gab = 0 p2 • 

(c) Calculate the eight Christoffel symbols F%c for this metric.  

(d) Consider a geodesic on this cone, parameter ized by arclength s. F ind expres- 
sions for d2¢/ds  2 and d 2 p / d s  2 along the geodesic. 
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4. The Newtonian orbit equation for a planet at radius r as a function of angle ¢ is 

d2u G M  
- - + u -  
d¢ 2 h 2 , 

where u = 1/r  and h = angular momentum/mass. Geodesics in the Schwarzschild 
metric satisfy the equation 

d2u G M  
d¢---- ~ + u - h2 + (3GM)u 2. 

(a) Consider a planet of mass m moving in a geodesic around the sun (mass M) 
whose gravitational field is described by the Schwarzschild metric. The planet 
moves in the ecliptic plane 0 = ~/2. What is the Schwarzschild metric in this 
plane? Obtain expressions for dt /dT and d¢/d~- in terms of two conserved 
quantities energy/mass k and angular momentum/mass h. 

(b) Show that  

u(¢) = Uo(1 + ~sin¢) 

is a solution of the Newtonian orbit equation. Find u0 in terms of rs and h. 
At what angle ¢ is perihelion for this solution? What kind of orbit has e = 07 

(c) Let 

u(¢) = u0(1 + c s i n ¢ + y ( ¢ ) )  

where y(¢) << 1. Consider an orbit with e << 1. Find an approximate differen- 
tial equation for y(¢) good to first order in c and y. 

(d) What  are the complementary functions for the differential equation derived in 
(c)? What  are the particular integrals? Find the solution given conditions at 
perihelion y(~/2) ---= 0, y'(~r/2) = 0. 

(e) The solution for y(¢) includes the precession term 

plus periodic terms. (Hint: these periodic terms can be neglected). Let the 
next perihelion be at ¢ ---- 5~r/2 + 5¢ where 5¢ << 1. Give an approximate 
expression for the precession angle 5¢. 
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5. A spaceship accelerates away from Earth in the x direction. The  astronauts  feel a 
constant acceleration equal to g, the  acceleration at the  Earth 's  surface. For this 
question, ignore the y and z coordinates. Proper t ime on the ship is given by T. 
The speed of the ship in the Earth 's  frame is V(T). Let the t ransformation from 
ship coordinates S to Earth coordinates E be 

OE~_(Ote/ats OtE/OXS'~ ( 7 ( T )  7('r)V(T)) 
kaxE/ats a x E / a x s ) =  

where ~,(T) = (1 - V2(T)) -1/2. The velocity 4-vector in the ship's frame is 

(1) 
= 0 " 

The covariant form of Newton's second law of motion for an object of mass m subject 
to a force F a is ) m--~-~T = m \ dr + Fab° ubu~ = F~" 

(a) The acceleration at the Earth 's  surface is approximately g = 10 m s -2. Deri~ce 
an approximate expression for this quanti ty in relativistic units, i.e. in units of 
year -1 . 

(b) Let ¢(T) be defined by V(~-) = tanh ¢(T). Write the  t ransformation matr ix  in 
terms of ¢(z).  What  is u~(z)?  Wha t  is dU~E(T)/dT? 

(c) In the ship's frame, Fg = ( : g ) .  What is Du~/D~- in the ship's frame? What 

is F10o? 

(d) What  is Du}/DT in the Earth frame? If we suppose tha t  the  Ear th  frame 
is a Locally Inertial Frame, what  is F}bc? Hence find a second expression for 
du}/dT in the Earth's frame. 

(e) Using the results above, find the  function ¢(T). Hence find the  function tE(T). 
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