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All questions may be attempted but only marks obtained on the best four solutions will

count.

The use of an electronic calculator is not permitted in this examination.

1. (a)
(b)

S
~—~
Y)
N

State and prove Minkowski’s Lattice Point Theorem.

For a real number o, consider the lattice in B%

= {(,0)mmes)

Write down a basis of L and hence show that L is a unit lattice.

For NV > 1 consider the following rectangle:

RN:{(;) €R?:|z| < N and |y|§—]1\7}

By calculating the area of Ry, show that Ry contains a non-zero point of L.

Hence or otherwise show that there is a rational number e with denominator
n < N, such that

Explain what it means for a function f : B — B to be convex.

Let f be a convex function. Show that
1 < 1 &
— § 3> il § .
n =1 f(al) B f (n =1 az)

Let B denote the unit ball in R% Let P be an n-gon with vertices on the
boundary of B and internal angles 6,,...,0,.

1
(i) Show that area(P) = 5 2 sin(d).
~ =1
~)l
(ii) Hence deduce that area(P) < %Isin <£> . with equality if P is a regular
< 7
n-gon. N ‘ :
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3. (a) Let C be a non-emptv. closed, bounded, convex subset of B2 such that

C' = C°. Shc~ that * -re is an affinely regular hexagon H whose vertices are
on the boun: y of ¢

(b) Hence or otl  wise show that there is a lattice covering of R? by copies of C
with thickness < %

4. (a) Define the Mobius function u.

1 ifn=1,
Z”(d):{ 0 ifn>1.

dln

Prove that

(b) Let €' C R? be a symmetric star body and let g denote the characteristic
function of C. Define

f(v) = 3" pin)g(nv), v e %\ {0}.

neEN

(1) Prove that for any lattice L in R¢, the sum .

p {0

leL\{0}

is equal to the number of primitive points of L in C.
(11) Show that

¢(d) II&df(v)afv = vol(C),

where ( denotes the Riemann zeta function.
(111) Hence deduce that
vol(C)
2¢(d)
where A denotes the lattice constant of C. You may assume that for any
€ > 0, there is a unit lattice L in R, such that

S < / f(w)dot e

le L\{0}

A(C) <
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5. (a) Let {¢; + B*: i € N} be a packing of unit balls in B% Let D be the Dirichlet
cell of the ball ¢; + B? and suppose ¢; = 0. Consider a flag F of faces of D:

F:FRhhCcHhC...CFi_,CD,

where F; is an i-dimensional face. Let w; be the nearest point of F; to 0.
Either answer part (i) or answer part (ii) but not both.

(i) Show using Blichfeldt’s inequality that:

> 2'
(Wamiy wai) > - -
1+ 1

ii} By assuming the inequality of (i), prove that for i < 7,
g p

21
(Wa—i, wy—j) > 1
(b) Let Dx denote the simplex with vertices 0,wo, ..., we_;.
Let Sy be a d-dimensional simplex with vertices 0,v1,v2,...,vq, such that
that for ¢ < j,
(01,05 =
VisU;) = = .
7 1+ 1

Consider the linear map T : Dr — S, defined by

d d
T E T Wes :g T;v;.
=1 =1

Prove that for v € BN D, we have ||T(v)|] < 1.

Briefly explain why
< vol(Sy N BY)

VOI(S()) ’
where § denotes the density of the packing.
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