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All guestions may be attempted but only marks obtained on the best four solutions will
count. The use of an electronic calculator is not permitted in this examination.

1. State what is meant by a bilinear transformation. Show that the bilinear
1 .
transformation w = — maps a circle not passing through the origin onto a circle.
z

Find the general form of the bilinear transformation mapping |z| < 1, conformally
onto |w — 2| < 1.

2. (a) Define what is meant by the holomorphic function f(z) having a natural barrier.

By differentiation, show that the function f(z) = 2(2” + 1) 12"+ has |z] =1
n=0
as a natural barrier.
(b) The function f(z) = Z(—l)”z" is defined for |z| < 1 with analytic continuation
n=0
F(z) = T to C\ {—1}. By expanding f(z) about a non-real point a with
la| < 1, obtain a Taylor series expansion f(z) = Z an(z — a)" for f(z). For

n=0
which values of z does this converge? Show that in fact it converges to the

function F(z).
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3. Suppose that the function f(z) is holomorphic for |arg z| < —21, o > 3 with
o

|f(2)] < M for |arg 2| = 2—7;;. By considering F'(z) = exp(—e¢ 2%) f(z) for £ > 0 show
that either

(a) |f(2)] < M for larg z| < 22, or
«a

M
(b) lim sup log M(r)

— > 0,
T—00 T
i
= PN <S5
where M (r) max{]f(z)l 2| <7, |arg 7] 20}

Explain why (b) can be strengthened to assert that

lim inf M >

r—00 r

0.

Any ancillary result required need not be proved but should be clearly stated.

4. (a) Define the class S of normalized univalent functions and show that if f(z) e s

then also ¢(z) = [f(z"")]l/2 € S. Show that if f(z) = z + Zanz” € S then
n=2
lan| < en for all n > 2. You may assume that, if f € S then

2w
/ lf(rei9)|d0< 2mr for 0<r<1.
0 1—-7r

(b) Show that the polynomial p(z) = z + az2% € S if and only if |as| < :.

5. (a) Show that if f(2) =z + Zanz" is univalent and f(z) # ~ for |z| < 1 then
n=2
vl = %. When is equality attained? You may assume that if

oo
f(z)=2z+ Zanz” is univalent then |as| < 2.

n=2

(b) If f(2) =2+ Z an2" is holomorphic for |z| < 1 (but not necessarily univalent)
n=2

and |f'(z)| < 1 for |2| < 1 show that again, if f(z) # v for |2| < 1, then |y| > 3.
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