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All questions may be attempted but only marks obtained on the best four solutions wnll

count.
The use of an electronic calculator is not permitted in this examination.

1. a) Give the definitions of a base and a subbase for a topology.

b) Define the product topology on a product space and prove that the product
of any family of compact topological spaces is compact. You may assume
Alexander’s Subbase Theorem.

c) Let X be a normed linear space. Prove that the unit ball
Bi={FeXx :|F|<1)

in the dual X* of a normed linear space X is w*-compact.

2. a) Let Fy, ..., F, and F be linear functionals on a vector space X over R and

let
N={z:Fiz=---=F,z =0}

Prove that the following properties are equivalent:

(i) There are scalars a4, ..., ay, such that

F = Zn: C!iﬂ.
i=1

(ii) There is a A € R such that
|Fz| < Amax{|Fiz|:i=1,...,n}

for all z € X.
(ili) Fzr=0forallz € N.

b) Prove that, if F is a linear functional on the dual X* of a normed linear space
which is continuous in the weak*-topology, then

F e ®[X],

where @ : X — X™ is the canonical embedding.
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3. Let A and B be disjoint nonempty convex sets in a real normed linear space X.

a) If A has an interior point, then there is an F' € X*, F # 0, and v € R such
that

F(a) <y < F(b)
for all a € A and for all b € B.
b) If A and B are either both open or have dist (4, B) > 0, then there is an
F € X* and v € R such that
F(a) <y < F(b)

for all a € A and for all b € B.

4. Let K be a weakly compact subset of a real Banach space X and let E(K) denote
the set of extreme points of K. Let K have the relative topology induced by the
weak topology on X. Suppose g € E(K) and U is an open subset of K containing
Zg-

a) Prove that there is an F' € X* and v > 0 such that
nE{r €K : F(z)>~v}Cc{ze K :F(z) >~} CU.

b) Prove that if U,, n = 1,2,.., are relatively open dense subsets of E(K), then
Moo, U, is dense in E(K).

5. a) State the Hahn-Banach Theorem.

b) If M is a subspace of a real normed linear space X and if f € M*, prove that
J can be extended to an F' € X* such that || f|| = || F|l.

c¢) Let X be areal normed linear space and € X, z # 0. Prove that there exists
an F' € X* such that Fz = ||z|| and ||F)| = 1.

d) Let X be an infinite dimensional real normed linear space.
Let S = {F € X* : ||F|| = 1} be the unit sphere in the dual space X* and let
B = {F € X*:||F|| <1} be the unit ball. Prove that S is dense in B in the
weak™ topology.
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