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All questions may be attempted but only marks obtained on the best four solutions will

count.

The use of an electronic calculator is not permitted in this examination.

1. a)

b)

o
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~—

State the Open Mapping Theorem and give a proof of the special case when
the range is finite dimensional.

Let X, Y be Banach spaces, Z a normed linear space, S € £L(X,Y), T ¢
L(X,Z). Use (a) to prove that if S is surjective and ker S C ker T', then there
exists a unique R € L(Y, Z) such that T = Ro S.

State and prove the Uniform Boundedness Principle (i.e., Banach-Steinhaus
Theorem).

Prove that if (77,) is a sequence of continuous linear maps of a Banach space X
into a real normed linear space Y such that lim,,_.., T,z exists for all z € X,
then the map 7' : X — Y defined by

Tr= lim T,z

n—0o0

is continuous.

Let X* be the dual of a real normed linear space X. Prove that if a linear
functional f on X* separates a non-empty weak* open set B from another set
Ain X (i.e. there exists A € R such that Fb < A< Faforallbe B, a € A),
then f is weak™® continuous.

Prove that if A is a weak™ closed convex subset of X* and Fy € X*\A, then
there is a weak™ continuous f € X** and v € R such that

fEFo<y< fF forall F e A.

c) Prove that the unit ball in the dual X* of a real normed space X is the weak*
closed convex hull of its extreme points.
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4. a) If Y is a proper close. linear subspace of a normed space X, and € > 0, prove
that there is a z. € X, |iz.|| = 1, such that

inf{lly —zfl:v€eY}>1-e
Hint: If z is a point not in ¥ and € > 0, choose a point in Y within (1+e¢)

times the distance between = and Y from z.

b) Prove that if X is infinite dimensional, then the closed unit ball in X has an
open cover without a finite subcover. '

5. A Banach limit is any bounded linear functional L on £, such that for z =
('Tl: To,.. ) € EOO)
i) L(z) > 0if z, > 0 for all n,
i) L(z) = L(oxz), where o(z) = (29,23, ...),
i) L(z) =1ifz=(1,1,1,...).

Prove that

a) if L is a Banach limit, then limz, < L(z) < lim z, for all = € £, (Hint: note
that it follows from ii) that it suffices to prove that inf z,, < L(z) < supz,);

b) Banach limits exist. (Hint: define I : ¢ — ]Rﬂ l(x) = lim, e T, and consider
the function p : oo — R defined by p(z) = lim 21tz
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