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All questions may be attempted but only marks obtained on the best four solutions will

count.

The use of an electronic calculator is not permitted in this examination.

1. (a) Give the definition of a Mobius transformation on C.

(b) Show that the most general Mébius transformation, which maps oo to oo, is
of the form f(2) =az+b, a,b € C, a # 0, and show that this is a similitude.

(c) Show that any Mobius transformation that is not a similitude may be written

h(z)=e+ /
Z+9
for some e, f, g€ C, f # 0.

(d) Interpret the Mobius transformation f(z) =7+ -L in terms of operations on
the sphere.

2. (a) Give the definition of a just-touching IFS {X;w, :n=1,2,...,N}.

(b) Consider the IF'S {[0, 1];wn(z) = L+ 5z : n=0,1,...,9} and the associated
code space using the symbols {0,1,2,...,9}. Show that the attractor of the
IFS is [0,1] and that it is just-touching. Identify the points with multiple
addresses.

3. (a) Define the Hausdorff distance  on the space of non-empty compact subsets of
R

(b) Prove that for every non-empty compact set C C R? and any € > 0 there is a
finite set F' C C such that A(F,C) < e.

(c) Prove that an increasing sequence C, of non-empty compact subsets of R?
converges, in the Hausdorff distance, to the closure of the set | {7, C provided
that the latter set is bounded.
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4. (a) Give the definition of Hausdorff dimension dimz C of a subset C' of R?.
(b) Show that for any subset C' of R¢

. o In(N,(C))
dimy C < hﬂg}f{m— ,

where A, (C) denotes the number of boxes of side length 51; that intersect C.
(c) Show that for any countable subset C of R¢, dimy C' = 0.

5. Let fo, fi : R — R be defined by

z+2
3

(a) Show that {fo, fi} is a hyperbolic 7F'S and 0,1 € A cC|0,1], where A is the
attractor of { fo, f1}.

(b) Show that {f,, f1} is a totally disconnected I FS.

(c) Let X be the code space and ¢ : & — A the coding map of {fo, f1}. Let
L1 ={0=(0:){° € £:0, =1} and show that

amc 2 2o[)

(d) Give the definition of the fractal dimension dim r C of a subset C of R%. Show
that for the set A in part (a) that

Jolz) ==, fi(z) =

o8

In2 In(v5-1)

dimp A = 0 = — =
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