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All  ques t ions  m a y  be a t t e m p t e d  but only m a r k s  ob ta ined  on the best  fou r  s o l u t i o n s  will  

count.  

The  use  o f  an electronic ca lcu la tor  is no t  p e r m i t t e d  in this e x a m i n a t i o n .  

. (a) Find all rat ional  solutions to the equation 

X 2 + y2  = 1 

(b) Consider the diophantine equation 

X 2 + y2  = Z 2 

(i). Let (x, y, z) be an integer solution. Show tha t  there is a solution (x', y', z') 
with x', y', z ~ pairwise coprime. 

(ii). Let (x, y, z) be an integer solution with x, y, z pairwise coprime. Show, 
possibly after permuting x and y, tha t  one can assume tha t  x is odd and 
y is even. 

(iii). Using the solution to (a) above show that  there exist two coprime integers 
m and n and an integer A such tha t  

~ z  = n 2 + m 2 ~ x  = n 2 - m 2 ~y  = 2 n m .  

Show that  A is 1 or 2. 

(iv). Show that  A = 1. 

(c) Show that  the equation X 2 + y2  __ 3Z 2 has no integer solutions. 

. (a) Let C1 and C2 be two projective curves of degrees dl and d2 given by homoge- 
neous polynomials f l  and f2 respectively. State Bezout's theorem for C1 and 
C2. 

(b) Let C be the algebraic curve in p2 defined by the polynomial 

F ( X ,  Y, Z )  = X 3 + y 3  _ 2 X 2 Z  + y 2  Z + X Z  2 

(i) Find the singular points of C, the multiplicities of C at these points and 
the equations of the tangent lines at these points. 

(ii) Let L1 be the line in A 2 defined by X = 0, let L2 be the line Y = 0 and 
let Let P be the point (0, 0). Compute Ip(C, L1) and IF(C, L2). 
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. (a) Say w h a t  is mean t  by Weiers t rass  normal form of an ell iptic curve. 

(b) Let P and  Q be poin ts  on an elliptic curve C with origin O. Explain the  
geometr ic  cons t ruc t ion  of P + Q. 

Given the  elliptic c u r v e  y2 : x 3 ~ 17, O the point at infini ty and rational points 
P1 = (2, 5) and P2 = (4, 9). Calculate  the coordinates of P1 * P2 and of P1 + P2. 

(c) Let C have the  equa t ion  y2z = x 3 + ax2z + bxz  ~ + cz  3 and O = [0 : 1 : 0]. 
Show t h a t  0 is a poin t  of inflection. Let P = (x, y) be a po in t  on C. Show tha t  
- P  = ( x , - y )  and descr ibe  the  subgroup C[2] of points  P such tha t  2P  = 0. 

. (a) State  the  Nagel l-Lutz theorem.  

(b) Let y2 = f ( x )  where f ( x )  = x 3 + ax  2 + bx + c be an equa t ion  of the elliptic 
curve C. Let P = (x0, y0) be a point  on C such t h a t  Yo -~ 0. Express the  
coordinates  of 2 P  in t e rms  of A = ~ x0 and Y0- 2yo 

(c) Let P = (x, y) be a po in t  on C such that  both P and  2 P  have integer coor- 
d inates  and y ~ 0. Let  D be the  discriminant of f .  Show tha t  y divides D. 
(You can use wi thou t  proof  the  fact that  there exist two polynomials  r and s 
wi th  integer  coefficients such tha t  D = r ( x ) f ( x ) +  s ( x ) f ' ( x ) ) .  

(d) Let P = ( - 2 ,  3) be a po in t  on the  elliptic curve the curve y2 = x 3 + 17. By 
calculat ing the  coord ina tes  of 2P, 4 P , . . .  or otherwise, show tha t  P is not  a 
torsion point.  

. (a) Define the  height  H of a ra t ional  point on an elliptic curve. Show tha t  for 
every real M / >  0, the  set of rat ional  points P such t h a t  H ( P )  <, M is finite. 

(b) Define the  rank of an ell iptic curve. State the Mordell-Weil theorem. 

(c) Consider  the  elliptic curve C: y2 __ x3 _ x. 

(i) Calcula te  the  rank  of C. 

(ii) The  torsion subgroup  Ct°rs (Q)  (You may assume t h a t  the  discriminant  of 
x 3 - x is 4 and you may  use the  stronger form of Nagell-Lutz theorem) 
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