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All questions may be attempted but only marks obtained on the best fou r  solutions will 
count. 
The use of an electronic calculator is no t  permitted in this examination. 

Evolution Equations: 
8uG a2 Hg pa2" (1) 

& 2 + k = _ _ _ ~ _ p  = p~o 

d 
d---a (pa3) = - 3pa2" (2) 

H(t)  = 
g( t ) .  ' 1  

~G H2; a ( t )  = P 
a(t) '  Pc -- 8 Pc 

Ho = h l 0 0 k m s  -1 Mpc -1. 

Development angle/horizon coordinate: 

f0 t dt '  ~(t) = a(t')" 

Robertson-Walker  line element: 

dT 2 = dt 2 _ a2(t) [dr/2 + F2(r/)(d02 + sin 2 0d¢2)] . 

sin 7/ 
= 

sinh 7/ 

k =  +1 
k = 0  
k =  - 1  
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1. Suppose the universe was radiation dominated for times t before the decoupling 
time ad, with p = p/3. 

(a) Show tha t  

where aa = a(td). 

i" ad'~ 4 
p(a) = pd ,a) 

(b) Solve the evolution equations for k ---- 0 to obtain a(t). 

(c) Show tha t  
3 

p(t) = 321rG t-2. 

(d) Suppose p = Nc~T 4 where N is the effective number of radiative species and a 
is the Stefan-Boltzmann constant. Determine at what cosmic t ime the universe 
reaches the temperature  T, i.e. find t(T). 

(e) Suppose that  nucleosynthesis ends when T .~ 109 K. Does the corresponding 
cosmic t ime t(109) increase with N or decrease with N?  Briefly describe how 
t(109) affects the ratio of neutron density to proton density Pn/pp? How does 
this ratio affect the present Helium abundance? 

. (a) Consider a galaxy emitting light at cosmic time tl, with coordinates (tl, 71, t91, ¢1). 
Suppose we observe this light at cosmic time to. Show that  the ratio of the 
frequencies of observed to emitted light is 

Po al  

-1 a0 

(b) Express ~0/~1 in terms of the redshift parameter zl. Also express Vo/Vl in terms 
of To/T1, where To is the present temperature of the microwave background, 
and T1 is the temperature  at time tl. 

(c) For a k ---- 0 matter-dominated universe, the expansion parameter  satisfies 

a(t)=ao(3H°____~t) 2/3 

Find a(z) ,  t (z) ,  and r(z) for this universe. 

(d) The present record for furthest detected quasar is at z = 6.4. At approximately 
what  cosmic t ime did the light observed from this quasar begin its journey 
(assuming h=2 /3 )?  
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. (a) The Hubble parameter  H0 is often writ ten H0 = h 1 0 0 k m s  -1 Mpc -1 (1 pc = 
3.3 light years). Express 1 0 0 k m s  -1 Mpc -1 in uni ts  of years - I ,  showing your 
work. You need only be accurate to within 3% . 

(b) Let the  total  mass-energy of the  universe be E(t )  = p(t)V(t) .  Show from the  
evolution equations tha t  E(t)  satisfies the equat ion for adiabatic  expansion, 

dE = -paW. 

(c) What  is the 'entropy prob lem'?  How could the  inflat ionary universe model  
solve this problem? How could the anthropic principle solve this problem? 

(d) What  is meant  by the  terms cold dark matter and hot dark matter? If the  
early universe had been dominated  by hot dark mat te r ,  why would wc expect  
large clusters of galaxies? Give one example of a particle or object  which could 
be the source of cold dark mat ter .  

(e) Show tha t  for k = +1,  
1 

t2(t) - 1 = &---~. 

Briefly, how does inflation in the very early universe bring ~ closer to the  value 
1? 
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4. Suppose the  universe is s ta t ic  ( d a / d t  = 0) and filled with a gas of mass density p, 
pressure p, velocity v,  and  gravitat ional  acceleration F. The gas obeys the mass  
equation 

Op 
0-7 + V  . p v  = 0, 

and the  m o m e n t u m  equa t ion  

) p + v - V v  = - V p + p F .  

(a) Let p -- t3+Sp, p = p+Sp ,  v = 5v and suppose  F = ~F where V .~F  = - 4 ~ G ~ p .  
2 Also let c8 -- dp/dp.  W h a t  is the physical meaning of c~? Derive the equation 

025P c2V25p - 41rG~Sp = O. 
Ot 2 

(b) Show tha t  this equa t ion  has solutions of the  form 

~p = A(k)ei(k'x-~(k)0. 

Determine w(k) ,  expressing your answer in terms of kj  = 4~Gf i /~ .  Let the  
wavelength of a dens i ty  per turbat ion  be ~ = 2~/k .  For what  range of ,~ will 
a per turbat ion  grow? Wha t  happens  to the  perturbation if A is not  in this 
range? 

(c) Suppose a s tand ing  wave per turbat ion at some wavelength ~1 starts  at t = 0 
with max imum ampl i tude ,  and reaches its next maximum ampli tude at decou- 
pling t ime t = t d .  Find  an expression for A1 in terms of td, kj and c8. 
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5. (a) Consider light emi t ted  at  cosmic t ime t from a dis tant  ga laxy  with cosmological 
redshift  z. Show tha t  the  relat ion between t and z is given by 

1 j(oo dz 
t(z)--  -~o (1 + z)E(z)'  

where  
E(z) = H(z) 

Ho 
W h a t  is the  present t ime to in t e rms  of this integral? 

(b) In this problem we will assume tha t  the  universe is flat, i.e. 

(c) 

(d) 

(e) 

k = 0. First  
consider a ma t t e r  domina ted  universe, where p -- Pm and  f~0 = ~mo. Show 
tha t  

E(z) = Era(z) = (1 + z) 3/2 . 

Using the integral expression for t(z) ,  calculate to for a k = 0 m a t t e r  domina ted  
universe. 

Next consider a k -- 0 universe wi th  both  ma t t e r  and v a c u u m  energy, so t ha t  
f~0 = 1 = t2m0+t2n0. Derive an expression for E(z) (call this  function Emh(Z)).  

Show tha t  the  function Era(z) from par t  (b) is greater  t h a n  the  function EmA(z) 
from par t  (d) for z > 0 (and f~h0 > 0). Does our e s t ima te  for the  age of the  
universe increase or decrease if we observe a positive t2A0? 
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