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All questions may be attempted but only marks obtained on the best five solutions will 
count. 

The use of an electronic calculator is n o t  permitted in this ezamination. 

A table of integrals is attached. 

. (a) If f is a real valued function defined on an open interval containing a, define 
what  it means for f to be differentiable at a. 

(b) Differentiate the following functions: 

(i) f ( x )  = (1 - s inz)(2x 5 + ec°'2~); 
cos(z  2 + i) 

(ii) f ( x ) =  ln (x  2 - 2 x + 4 ) "  

(c) Assuming that  the equat ion x 5 + 4x2y + y2 = 32 determines a function f such 
that  y = f (x) ,  find y' and find the tangent  line to the graph of x ~ + 4z2y + 
y2 _ 32 = 0 at the point P(2,  0). 

. (a) Let f be a real valued function on a closed interval [a, b]. State the Intermediate 
Value Theorem and the Mean Value Theorem for f .  

(b) Verify the  Intermediate Value Theorem for f ( x )  = x 2 + 2x + 1 on [1,2]. 

(c) For f ( z )  = z 2 + 2 x -  5, find all numbers c in [0, 1] that  satisfy the Mean Value 
Theorem. 

3. Evaluate the following integrals: 

(a) f z cos 7zdz 
x 3 

(b) / ~d~ 
7 x - - 1 5  dx (c) f 

(d) Evaluate the integral f ~ 2 , / ~ d x  by means of hyperbolic substitution. 
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4. State both  the  Comparison Test and the Limit Comparison Test for the  convergence 
of infinite series. Use these comparison tests to determine whether  the following 
series converge or diverge. 

(a) 
7~5 rt 

2en(3n+l) 2 

i+s~f~ 

2n2+3 

(e) E n % l  1 

. 

(b) 

(c) 
(d) 

(a) Find the  real and imaginary parts of the complex numbers: 
4 - 5i 

2 + 3 i ;  
(ii) (1 +/)12 

2 - 3i 

Find all complex numbers  z such tha t  z 5 + 1 = 0 and indicate your answers on 
the Argand  diagram. 

Solve the  equation z 4 + 1 - iv#3 = 0. 

For z = cos 0 + i sin 0, expand (z + z - i )  4 and obtain an expression for cos 4 0 in 
terms of cos 20 and cos 40. 

. a) Show t h a t  f~y = fyx for f ( x ,  y) = 2x  2 + 3x  - 5 x y  + 2y - y2. 

b) Use differentials to approximate the change in 

w = 2x  2 - 4x3y  2 + 2y 2 

if (z, y) changes from (1, 1) to (1.01, 1.03). 

c) Find ow and o~ N for w = 2 u c o s 3 v ,  u = 4 x 2 + 5 y  a a n d v = 3 x a y  2. 

d) If z = f ( x ,  y) satisfies the equation 

2x2z 2 + 5 x y  2 - 2z  2 + 6 y z  + 7 = O, 

Oz Oz find ~ and N.  

7. A rectangular  box with no top and having a volume of 12 cubic metres  is to be 
constructed.  The cost per  square metre of the material  to be used is 4 pounds for 
the bot tom, 3 pounds for two of the opposite sides, and 2 pounds for the remaining 
pair of opposi te  sides. F ind  the dimensions of the box that  will minimize the cost. 
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Table of Integrals 

Basic Forms 

- f u d c  = u r -  r d u  
. b 

' d u  In [ul + C 
. 11 

I ' c o s u d u  = s i n u +  C 
b 

f c s c ' u d u  = - c o t u  + C 

.f 
j 

f csc u du 

f d,~ 
02 "+ 1,/2 

f 0 2  ~ it  2 

c s c u c o t u d u =  - c s c u  + C 

cot t+ du = In [sin ul + C 

= lnlcscu - cot u! + C 

l 11 
- - = - t a n  - l - +  C 

! u + a [  
~ = ~ l n  + C 

2,, " --7 1 

f I t t~ '~dtl --- u"* + C, 
n +  l 

[ e" du = e ~ + C 
. 

f s inudu  = - -cosu  + C 

t sec" t~du = tan u + C 

f s e c u t a n u d u = s e c u +  C 

f t a n u d u  = Inlsec,,I + C 

f du sin-  t u ~ =  - + C  
* 4 0 2  _ 112 a 

f du 1 ~ u = - s e c  - I  - + C 
_ 02 [ / I / ' ~ ~  t'/ 0 

f ~d~l = __I i r l ] I , -  t'/I..b C 
u z - a "  2a l u +  a] 

n # - I  

s e c u d u = l n l s e c u + t a n u l + C  

Hyperbolic Forms 

f sinh u du = cosh u + C 

f tanh u du = In cosh u + C 

f sech u d u ' =  tan-  ' Isinh ul + C 

f sech" u clu = tanh u + C 

f sech u tanh u du = - s e c h  u + C 

f cosh udu = sinh u + C 

f coth u du = ]n Isinh u[ + C 

f csch u du = in Itanh ~ut + C 

f csch udu  = - c o t h  u + C 

f csch u coth u du = - csch u + C 


