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All questions may be attempted but only marks obtained on the best f o u r  solutions will 
count. The use o.f an electronic calculator is n o t  permitted in this examination. 

1. A particle of soot of mass m moves vertically upwards against  g rav i ty  and  a re tarding 
force mg~v 2/N where v is the particle speed and ~, N are posit ive constants .  

(a) Show that  the particle will travel a distance 

g-1 fo v° vdv 
()w2/N + 1) 

before coming momentar i ly  to rest, if its initial speed is v0. 

(b) In the case N = 3, deduce by means of a subst i tut ion or o therwise  tha t  the 
distance travelled is 

3 {3 + 2 ln(p0) + - 4p0}/(4 3g), 

where P0 -- 1 + £v 2/3. 

(c) Show that ,  if v0 = 8ms -1, A] = (1~8)sin -1, g = 3, g = (48/5)ms -2, the 
distance travelled is 5 ln(4/e) metres. 

2. A point particle of mass m moves under gravity on a curve 7, which lies in a vertical 
plane, with s denoting distance along "y and ¢(s )  the  (variable) angle of inclination 

from the  horizontal at each position along 7. 

(a) Show tha t  the  tangential  and normal components  of velocity are  ~, 0 respectively 
and those of acceleration are ~, i2/p respectively, where p = ds/d¢.  

(b) If the reaction force R is normal to the curve, just ify the  governing equations 
= - g  sin ¢,  m$2/p = R - m g  cos ¢ for the motion. 

(c) If, also, 7 is defined by s 2 = sin ¢ ,  with 0 < ¢ < ~/2,  and initially s = So, i = 0, 
solve the governing equations to give ~2 as a function of s only  and  R as a 
function of ¢ only. 
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3. Wri te  down the  radial  and  t ransverse  componen t s  of acceleration in t e rms  of the  
polar  coord ina tes  r and  8 for a par t ic le  moving in a plane. If a part icle of mass  rn is 
moving  under  t he  act ion of a force of magn i tude  m # / r  ~ directed towards  the  origin, 
show tha t  

h 2 
. . . .  # h = r~8. 

r 3 r n , 

Show tha t  a c ircular  orbit  of radius  c is possible, and  find the values of h and 8 in 
this  case. 

If the  orbit  of t he  particle is s l ight ly d i s tu rbed  so t ha t  r = c + p, where  p is small,  
and  if h is una l t e red ,  find the  differential  equa t ion  for p, neglecting all t e rms  of order  
p2. Deduce t h a t  the  orbit  is s table  when  n < 3. 

4. A part icle of un i t  mass  moves on the  outs ide surface z = K ( r )  of a s m o o t h  
ax i symmet r ic  body,  where r measures  dis tance f rom the axis of s y m m e t r y  (which is 
vertical) and  z is dis tance m e a s u r e d  upwards  along the  axis. Using conservat ion of 
energy and angu la r  m o m e n t u m ,  or otherwise,  derive the governing equat ions  

1{ h2} 
[1 + ~-~ + ~-~ + g K ( r )  = constant ,  

r2 d8 ~ -  = h = cons tant ,  

w i th  t, 8 d e n o t i n g  t ime and  az imutha l  angle respectively. 

Apply ing  the  equa t ions  to a cone of semi-vertical angle c~(< ~/2) ,  wi th  vertex 
uppe rmos t ,  show tha t  

 r(h2 ) 
dt  2 = - ~  + g cot  ~ sin 2c~. 

Deduce  tha t  t he  react ion R be tween  the part icle and the  cone is given by 

R = ( g t a n  o~ - h2 / r  3) cos oL. 
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5. A heavy body  falls vert ical ly through a cloud of particles at  rest and  accumula tes  
particles at a ra te  kv  (uni ts  of mass per  uni t  t ime) when  the  b o d y  speed  is v; here k 
is a constant .  T h e  b o d y  is initially at  rest and of mass  M. 

(a) Show tha t  after falling a distance x the body has mass  m = M + kx .  

(b) Deduce  t ha t  the  speed  v satisfies 

( M  + kx)v-~s - + kv 2 = ( M  + kx)g.  

(c) Hence or o therwise  find v 2 as a funct ion of x, g, k and M. 

6. The tension T in an elast ic  string A B  of negligible mass is given by T = A(el - e), 
where e is its na tu ra l  length,  ex is its s t re tched length  and A is a stiffness cons tant .  A 
particle of mass m l  is a t t ached  to the end B and the  end A is fixed. A second string 
B C  of identical na tu ra l  length  and stiffness constant  to  A B ,  bu t  wi th  a part ic le  of 
mass 7rt 2 at the  end  C,  is a t tached to the  first part icle at B. 

(a) Determine  the  equi l ibr ium lengths of the two strings when  the  sys t em hangs 
vertically under  gravity. 

- y  

(b) Show tha t  when  the  particles at B,  C are subject  to d i sp lacements  x, y 
respectively, f rom equilibrium, their  equat ions of mot ion  are 

rnl  = - 2 x ) ,  

= - y ) .  

(c) Deduce t ha t  mot ions  are possible in which x, y cx cos wt, and  find two possible 
values for w 2. 
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