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All questions may  be at tempted but only marks  obtained on the best f o u r  solutions will 

count. 
The use of an electronic calculator is n o t  permi t ted  in this examinat ion.  

. (a) Let B = {el, e2, e3} and/0 = {el, e2, e3} be two sets of r igh t -handed  orthonor- 
mal vectors. Define the transit ion m a t r i x  H f r o m / }  to B. Given the  relations 

e~ = H~j~j, ~i -- Hj~ej, 

prove tha t  H is orthogonal.  Show t h a t  the  ma t r ix  12 -- [-IH T is skew-symmetric .  
If 12j~ = eOkw~ give a physical in te rpre ta t ion  of the  vector oa = w~e~. 

(b) In an inertial f rame of reference a part ic le  of mass m moves in a horizontal 

(x, y)-plane and is subject to a force 

F = m f ( r ) ~  + m ~ k  x ~, 

where r is the position vector of the  particle,  r = Irl, 2 = r / I r  [, f ( r )  is an 
arbi t rary  function of r, a a given cons tan t  and k a unit  vector  normal  to the 

(x, y)-plane. 

Find a f rame of reference rotat ing wi th  angular  velocity w (to be found) and 
f ( r )  such tha t  the  force on the part icle  is zero. 

According to such a rotat ing observer at  t = 0 the particle is such tha t  r = 0 
and ~ = u where u is a positive constant .  Describe the  mot ion  of the  particle 
in the inertial f rame of reference. 

MATHM233 P L E A S E  T U R N  OVER 



i ,  

. (a) Consider a system of N particles of constant masses m l , m ~ , . . .  ,mN and po- 
sition vectors r l ,  r 2 , . . . ,  r N .  

(i) Define the centre of mass R.  Show that the total kinetic energy T can be 
writ ten as T = TCM -~ Trel, where TCM is the kinetic energy of the centre of 
mass and Trel is the kinetic energy about the centre of mass. 

(ii) The  particles are subject to external and internal forces which are derivable 
from potentials V (e) and Vint respectively. If V (e) is a function of the position 
of the centre of mass only, show that  ECM : TCM Jr V (e) is constant and 
Eint = Trel + Vint is constant.  

(b) Two particles of masses ml and m2 are located in a uniform gravitational field 
and the vector joining them is r. In addition to gravity, the particles experience 
a force of attraction of magni tude a / r  2, where r = Irl and a is constant. Show 
that  the external potential  is a function of the position of the centre of mass 
only and that  

#1i.]2 2a _ const, 
r 

where # - m lm2 / (m l  + ms). 

. (a) Write down Lagrange's equation of motion for a system having one generalized 
coordinate q and Lagrangian L = L(q,q,t).  Let L be another Lagrangian 
defined by 

d 
L = L + -~g(q,t), 

where g(q, t) is an arbitrary differentiable function. Show that  L gives the same 
equation of motion as L. 

(b) A pendulum consisting of a light rod AB of length a with a heavy mass m 
located at B is free to swing in the (x, z)-plane. The pivot end of the pendulum 
A is forced vertically to be a given distance ~/(t) from an origin O. There is 
a uniform gravitational field - g k .  Let 0 be the angle between A B  and the 
downward vertical. Show that  the Lagrangian for the pendulum is 

L -- ~m(a202 + 2a0~sin 0) + mgacos 0 + h(t), 

where h(t) is a function of t only (to be found). 

By considering d(~/cos O)/dt and part (a), show that  the Lagrangian 

L = lma202 + ma(g + ~/) cos 0, 

gives rise to the same dynamics as L. Find the corresponding Hamil tonian/~ 
and the find the general form of ~/(t) so that .~ is constant. Comment briefly 
on the special case ;~ = - g .  
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. (a) The dynamics of a system are governed by a Lagrangian L(q,  el, t). Define 
the generalised momen ta  Pi and the Hamil tonian H of the sys tem and derive 
Hamilton's equations of motion. 

(b) A system with two degrees of freedom has Hamiltonian 

H (q l , q2 ,  Pl ,P2) = qlPl - -  q2P2 -- aq~ ÷ bq~, 

where a and b are constants. Show tha t  

(i) (192 - bq2)/ql  = constant ,  

(ii) qlq2 = constant ,  

(i i i)  lnql = t + constant .  

. (a) A rigid body of density p and volume V rotates about  a fixed poin t  P .  Show 
that  its kinetic energy is 

1 
T = ~ w i w j J i j ,  

where 

J~J = I v  p(rkrkSi j  -- r~rj )dV,  

is the i j t h  element of the inertia matr ix at P in a rest frame of the  body with 
axes B = {el ,e2,e3},  and w~ is the ith component  of the angular  velocity of 
the body. 

If another set of axes B t =  {e~, e~, e~} is chosen at P show tha t  

j~j i = HipJpqHjq,  

(b) 

where 

JPq I v  P ( r ~ r ~ o  ' ' = - rprq)dV,  

and H is the transit ion matrix from B t to B. Hence explain why it is always 
possible to choose B ~ such that  the inertia matr ix  is diagonal. W h a t  are the 
axes called in this case? 

If the inertia matr ix  a rigid body is diagonal with J n  = A, ,/22 -- B and 
Ja3 = C write down Euler's equations for the  motion of the body  for the case 
when there are no applied torques. The body has rotational symmet ry  about 
a particular axis. Show that  the component  of the angular velocity along this 
axis is constant.  Show also that  the magni tude  of the angular velocity in the 
plane perpendicular to the symmetry axis is constant.  
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6. A symmetric top moves about a fixed point P in a uniform gravitational field. 
Explain what is meant by the angles of precession ¢ and nutation 9. The Lagrangian 
L(¢, ¢, 9) for the top with moments of inertia A and C is, in the usual notation, 

L--~A1 (¢2sin29+92)  + l ~ c ( g ) + ¢ c o s g )  2 - m g a c o s 9  

Derive three conservation laws for the motion of the top in the form of three equa- 
tions. Give a physical interpretation for each of these equations. 

A top is released with initial conditions 9 = r /4 ,  9 = ¢ = 0 and ¢ = w. It 
is observed that  the symmetry axis of the top reaches, but never falls below, the 
horizontal during its motion. Show that  

C2w 2 = 2V~mgaA. 

Sketch the trajectory that the intersection of the symmetry axis of the top makes 
with the unit sphere. 
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