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All questions may be attempted but only marks obtained on the best four solutions will

count.

The use of an electronic calculator is not permitted in this ezamination.

1.

(a)

(b)

Let B = {e;, ez, €3} and B= {é1,&2,8;} be two sets of right-handed orthonor-
mal vectors. Define the transition matrix H from B to B. Given the relations

e; = H;;&;, & = Hjie;,

prove that H is orthogonal. Show that the matrix {2 = HHT is skew-symmetric.
If Qjx = €ijew; give a physical interpretation of the vector w = w;e;.

In an inertial frame of reference a particle of mass m moves in a horizontal
(z,y)-plane and is subject to a force

F =mf(r)f + mak x 1,

where r is the position vector of the particle, r = |r|, # = r/|r|, f(r) is an
arbitrary function of r, a a given constant and k a unit vector normal to the
(z,y)-plane.

Find a frame of reference rotating with angular velocity w (to be found) and
f(r) such that the force on the particle is zero.

According to such a rotating observer at ¢ = 0 the particle is such that r = 0
and 7 = u where u is a positive constant. Describe the motion of the particle
in the inertial frame of reference.
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2.

(a)

(b)

(b)

Consider a system of N particles of constant masses m;,m,,...,my and po-
sition vectors ry,Try,...,Ty.

(i) Define the centre of mass R. Show that the total kinetic energy T can be
written as T = Toar + Trer, where Ty is the kinetic energy of the centre of
mass and T, is the kinetic energy about the centre of mass.

(ii) The particles are subject to external and internal forces which are derivable
from potentials V{®) and V,, respectively. If V(© is a function of the position
of the centre of mass only, show that Ecyy = Teoum + V(© is constant and
Eit = Tro + Vi is constant.

Two particles of masses m; and m; are located in a uniform gravitational field
and the vector joining them is r. In addition to gravity, the particles experience
a force of attraction of magnitude /r?, where r = |r| and « is constant. Show
that the external potential is a function of the position of the centre of mass
only and that

.o 20
7} S - = const,

where p = mymso/(m; + my).

Write down Lagrange’s equation of motion for a system having one generalized

coordinate ¢ and Lagrangian L = L(g,q,t). Let L be another Lagrangian
defined by

- d
L=L+ —g(g,1),
+59(0,%)
where g(q,t) is an arbitrary differentiable function. Show that L gives the same
equation of motion as L.

A pendulum consisting of a light rod AB of length a with a heavy mass m
located at B is free to swing in the (z, z)-plane. The pivot end of the pendulum
A is forced vertically to be a given distance (t) from an origin O. There is
a uniform gravitational field —gk. Let 6 be the angle between AB and the
downward vertical. Show that the Lagrangian for the pendulum is

L= %m((ﬂé2 + 2ab4sin 8) + mga cos 8 + h(t),

where h(t) is a function of ¢ only (to be found).
By considering d(¥ cos 8)/dt and part (a), show that the Lagrangian

-1 .
L= §ma202 + ma(g + ) cos ¥,

gives rise to the same dynamics as L. Find the corresponding Hamiltonian A
and the find the general form of (t) so that H is constant. Comment briefly
on the special case ¥ = —g.
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4. (a) The dynamics of a system are governed by a Lagrangian L(q, d,t). Define
the generalised momenta p; and the Hamiltonian H of the system and derive
Hamilton’s equations of motion.

(b) A system with two degrees of freedom has Hamiltonian

H(q1,92,P1,02) = @11 — G2P2 — ag: + bga,

where ¢ and b are constants. Show that

(3) (p2 — bg2)/q1 = constant,
(3) g1g2 = constant,
(44i) Ing =t + constant.

5. (a) A rigid body of density p and volume V rotates about a fixed point P. Show
that its kinetic energy is

T = -2-w,‘wj.],'j,

where
J-,'j = / p(rkrké,-j - T—iTj)dV,
v

is the ijth element of the inertia matrix at P in a rest frame of the body with
axes B = {ej, ey, €3}, and w; is the ith component of the angular velocity of
the body.

If another set of axes B’ = {e}, e}, e3} is chosen at P show that
Jij = Hi,,J,',quq,

where
Jpg = f p(riridi; — rprg)dV,
v

and H is the transition matrix from B’ to B. Hence explain why it is always
possible to choose B’ such that the inertia matrix is diagonal. What are the
axes called in this case?

(b) If the inertia matrix a rigid body is diagonal with J;; = A, Jy2» = B and
Jis = C write down Euler’s equations for the motion of the body for the case
when there are no applied torques. The body has rotational symmetry about
a particular axis. Show that the component of the angular velocity along this
axis is constant. Show also that the magnitude of the angular velocity in the
plane perpendicular to the symmetry axis is constant.
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6. A symmetric top moves about a fixed point P in a uniform gravitational field.
Explain what is meant by the angles of precession ¢ and nutation §. The Lagrangian
L(v, ¢,6) for the top with moments of inertia A and C is, in the usual notation,

L= %A (q'stin29+0'2) + %C (1];+<2>c089)2 — mga cosf

Derive three conservation laws for the motion of the top in the form of three equa-
tions. Give a physical interpretation for each of these equations.

A top is released with initial conditions § = /4, 6 = é = 0 and ¥ =w It
is observed that the symmetry axis of the top reaches, but never falls below, the
horizontal during its motion. Show that

C%? = 2v/2mgaA.

Sketch the trajectory that the intersection of the symmetry axis of the top makes
with the unit sphere.
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