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All questions may be attempted but only marks obtained on the best four solutions will
count.

The use of an electronic calculator is not permitted in this examination.

1. (a) Let a(n) be an arithmetic function, and let A(z) be its summation function
A(z) = Y, .,a(n). Let f be a continuously differentiable function on the
interval [y, z]. Express the sum

> a(n)f(n)

using the continuous version of Abel summation.

(b) Use Abel summation to show that

Zl=oo and Z ! < oo
» P P

plogp

where the summation is taken over all primes. (Prime number theorem can be
used without proof.)

2. (a) Define the following notions:

(i) an arithmetic function is multiplicative
(i1) an arithmetic function is completely multiplicative
(iii) convolution of two arithmetic functions.

(b) Let o(n) =3, J and let S(z) = 3_, ., o(n).
(i) Show that o = 1 *xid, where 1(n) = 1 and id(n) = n for all n.
(i1) Deduce that S(z) = ’{—;m2 + g(z), where |g(z)| = O(z log ).
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3. (a) Let a(n) = u(n)logn, where pu(n) denotes the Mdbius function, and let A(z) =
2_n<z a(n). Which function has the Dirichlet series 3°°° 19 Use the integral
version of the prime number theorem to show that

/°° Alz) dr = —1.

2

You may use any valid formula for {(s) and ¢’(s) without proof.

(b) Prove the main lemma of Newmann’s proof of the integral version of prime
number theorem, namely: if B : R — R is continuous except possibly at the
integers, and has left and right limits at each integer, and

B(t) =0(1/t) as t — oo;

O Bt(st) dt = g(s) is a holomorphic function on the halfplane {Res > 0};
9(s) has a holomorphic extension to a domain that contains {Res > 0};
9(0)=0
then [ B(t)dt converges and equals to 0. (The Riemann-Lebesgue Lemma
can be used without proof.)

4. (a) Define what is

(i) a character of a finite Abelian group
(ii) a Dirichlet character mod k
(iii) the function L(x, s).
(b) Let x be any Dirichlet character mod &, and let xo be the principal character

mod k. Show the following steps of the proof of Dirichlet’s theorem about
primes in residue classes.

(i) Write the Euler product for xo and deduce that it has a pole at s = 1 with

residuum %k)

(ii) Show that for any o > 1 and for any ¢,
]L(Xo, 0)L(x,0 + it) L(x% o + 2z't)l > 1.

You may use without proof any valid formula for L(x, s) and log L(x, s)
(iii) Deduce that if x* # xo or t # 0, then L(x, 1 + 4t) # 0.
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5. (a) Let ck(n) be the number of k-tuples of primes (p1,po,...,pr) for which n =
P1P2 - - - Dk. Find an arithmetic function a(n) for which ¢, is the k-fold convo-
lution ¢, = a*xa*---xa.

(b) Let
e IIx(z) = number of positive integers n < zx that are the product of k
distinct primes;
e Ti(z) = number of positive integers n < z that are the product of k
arbitrary primes;
e Ni(z) = number of k-tuples of primes (p1,...,px) whith pips---px < x;

1
Lk(x) - Z bip2 - 'pk;

P1p2 Pk ST

Or(z) = Z log(p1p2 - - - px)-

P1p2--pPk<z

Show the following three main steps in the proof of

z (loglogz)*!

M (z) ~ (o) ~ o e

(you may assume their validity for kK = 1 without proof):

(i) Show that Li(z) ~ (loglog z)*.
(ii) Deduce that ©(z) ~ kz(loglogz)*~!. You may use without proof the
recursive formula

for Fi(z) = Ok(x) — kxLi_1(x).
(iii) Deduce that Ni(z) ~ - k(loglog =

k-1
lo::r ) :
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