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All questions may be attempted but only marks obtained on the best f o u r  solutions will 
count. 
The use of an electronic calculator is n o t  permitted in this examination. 

. (a) Define what  it means for a sequence of functions (fn (x))~= 1 to converge uniformly 
on an interval [a, b]. 

(b) Prove tha t  if fn(x) --+ f (x )  uniformly on [a,b], and each f~ is continuous on 
[a, b], then  f is continuous on [a, b]. 

(c) Prove tha t  if fn(x) --+ f (x )  uniformly on [a, b], and each f~ is Riemann integrable, 

then f is Riemann integrable and f :  f~(x)dx --+ f :  f (x )dx  as n -+ c<~. 

(d) Suppose tha t  fn(x) --+ f (x)  pointwise on [a,b], and that  f and  each fn are 

Riemann integrable. Suppose also tha t  f :  fn(x)dx = 0 for each n and  f :  f (x)dx  = O. 
Must f~,(x) --+ f (x )  uniformly? 

2. (a) State  the  Weierstrass M-test. 

(b) Prove tha t  there exists a real continuous function on the  real line t h a t  is nowhere 
differentiable. 

. (a) Define what  it means for a function d : X × X -~ ]R to be a metric. Define the 
terms open ball, closed ball, open set and closed set. 

(b) Let (X, dx) and (Y, dy) be metric spaces. Define what  it means  for a function 
f : X --+ Y to be continuous. Prove that  if f : X --+ Y is continuous then  f - l (G)  is 
open in X whenever G is open in Y. 

(c) Define what  it means for a set K in a metric space to be compact. Prove that a 
continuous image of a compact set is compact. 

(d) Prove tha t  a finite union of compact sets is compact. 

(e) Must the union of an infinite sequence t (1 , / (2 , - . -  of compact  sets be compact? 
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4. (a) Define a contraction mapping in a metric space. 

(b) State and prove the Contrac t ion  Mapping Theorem. 

(c) Suppose that  f : [0, cx~) -+ [0, co) is a continuous function such tha t  

[f(x)  - f(y)[  < [ x -  y[ 

for all x, y C [0, co) wi th  x -¢ y. Mus t  f have a fixed point? 

. (a) Prove that  if f is Riemann in tegrable  on [a, b] then 

lim f b  x-~o~ Ja f ( x )  cos(Az)dx = O. 

(b) Define the Dirichlet kernel D~(t). 

(c) Suppose that  f is Riemann integrable  on [-~r, 7r]. Define the Fourier coefficients 
of f and, for n />  1, the part ial  sum sn of the Fourier series. Prove that ,  for n ~> 1, 

1; 
s~(x) = -~  f ( t )D~(x - t)dt. 

7r  

. (a) Define the norm IIT]] of a l inear m a p  T : l~ n -+ ]~n. 

(b) Define what it means  for a funct ion  f : ]R ~ --+ R m to be differentiable at  x E ]~n. 

(c) Define the Jacobian matr ix  J f ( x )  for a differentiable function f : ]R n ~ ]~'~ and 
prove that D f ( x )  can be represented by J f ( x ) .  

ofi (d) Suppose that  f • l~ ~ -+ R m has all partial  derivatives ~ at  x E ]~n. Must  f be 

clit~erentiable at x? 

(e) State the Chain Rule for differentiable functions f : ~ ~ ]~,n and g : ]~m __+ irk. 
If f is invertible and f -1  is differentiable at y = f ( x ) ,  what is D f - l ( y ) ?  
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