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) All questions may be attempted but only marks obtained on the best four solutions will
éj * count. The use of an electronic calculator is not permitted in this examination.

1. (i) Let f be a complex valued function of z = z + iy, z,y real. Write
f(z) = ulz,y) +iv(z,y), u(z,y),v(z,y) real. If f is differentiable at z, show
that the Cauchy-Riemann equations u; = v,, v, = —u, hold at z.

(i) Let f(z) = |z|>. Show that f is differentiable only at 0.

(iii) Let
23

g(2) ZW, z#0.

9(0) =0.
Show that g is not differentiable at 0.

2. (i) Let f be differentiable on the open disc D(0, R) of centre 0 and radius R. Show
that

a) if f'(z) =0 Vz € D(0, R), then f is constant,
b) if | f(2)| is constant on D(0, R) then f is constant.

oo n

(ii) fexpz = Z Z—' show that
n!

n=0

exp(a + b) = expa.expb, Va,be C.

(iii) If sinz = 1, show that z is a real number.

3. (i) State and prove Taylor’s theorem for a function f differentiable in the open disc
D(a, R), centre a, radius R.

(i) Find the Taylor expansion of (1 — z)™! of the form Z cn(z + 7)™, valid in the
n=0 -
disc D(—1,v/2).
Would the expansion be valid in the disc D(—1,2)?

(iii) Find the Laurent expansion, about 0, of (23 — 1)~! valid a) for |2z| < 1,
b) |z| > 1.
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4.

9.

6.

(i) If f is holomorphic and bounded on C, show that f is constant on C.

(ii) Show that if p(z) is a non-constant polynomial with coefficients in C then there
exists w € C, with p(w) = 0.

(iii) If ¢(2z) = 72" + 825 + 32° + 42* 4 1, show that

sup {|¢(2)| ;12| = 2} > sup{lqa(2)]; |2| = 1}.

(i) Let f be a continuous function defined in the upper half plane Im z > 0, where
f(z) — 0 uniformly as |z| — oo. If m > 0, show that

/eimzf(z)dz —0as R— oo
r

where I'r = {Re”®, 0< 0 < T}.

*®  sinz
[y,
o z(z?2+1)

(ii) Evaluate

(i) Let f be holomorphic inside and on a convex contour v except for a finite
number of poles at ay, ..., a, inside -y with residues Ry, ..., R, respectively. Show
that

/ f(2)dz = 2mi(Ry + ...+ Ra).

2w 2n—-2
1
/ cos® r + sin®" zdz = (—) ( 2n ) 5
0 2 n

n a positive integer.

(ii) Prove that
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