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All questions may be attempted but only marks obtained on the best f o u r  solutions will 
count. 
The use of an electronic calculator is n o t  permitted in this examination. 

. (a) W h a t  does it mean  to say tha t  a funct ion f a t  is d i f ferent iable  at  a? 

Suppose f (x)  = x2si  n _1 for x ~ 0, f (0)  = 0. 
x 

Show tha t  f is differentiable at 0. Is f '  cont inuous at  0? ( Jus t i fy  your answer.) 

(b) State the  Cha in  Rule. Differentiate the  following funct ions ,  w i th  respect  to x: 

(i) exp(x2), 

(ii) cos(sin(x3)), 

(iii) x ~. 

2. Suppose f is continuous and str ict ly increasing on [a,b] . Let  y e ( f (a) , f (b))  and 
let x = f - l (y) .  Then,  if f is differentiable at  x and  f ' (x )  ~ 0, prove t h a t  f - 1  is 
differentiable at y and  

1 
( f -1) , (y)  = f , ( x )  

(You may assume t h a t  f - 1  is continuous at y.) 

If g(x)= s in - l ( cos2x) ,  show tha t  g'(x)is  equal to a c o n s t a n t  for x c (O,~r/2) and 
equal to another  cons tant  for x E (-~r/2,  0). 

Sketch the graph of y = s in - l (cos2x) ,  - r / 2  ~< x ~< 7r/2. 

. (a) State Cauchy 's  Mean Value Theorem and  use it to  prove L 'HSpi ta l ' s  Rule. 

(b) Evaluate the  following limits: 

1 - -  COS X 
( i )  a s  x - - ,  O, 

X 2 

1 1 
(ii) as x 0, ----y 

x sin x 

(iii) log(1 + x) as x --~ 0, 
X 

as X ---+ C<:), 
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4. State  Rolle 's  Theo rem.  Prove  the  Mean Value Theorem. (You may  assume Rolle's 
Theorem.)  

Suppose 

(a) f ( x )  = x has  a root  a ( t ha t  is, f ( a )  = a),  

(b) f ' ( a )  = O, 

(c) ] f" (x) l  < / (  for some K in a closed interval  [a - h,c~ + h], for some h > 0, 

Show tha t ,  if Xo is suff icient ly close to a ,  t hen  ]a - f (xo) l  < K l a  - z012. 

Use Ne wto n ' s  M e t h o d  to  f ind a bet ter  approximat ion  than  50 to 2v/2-5-01. 

5. Suppose f is a b o u n d e d  func t ion  on an interval  [a, b]. Define the  Upper  Riemann 
Sum, U(P,  f ) ,  a n d  the  Lower Riemann  Sum, L(P,  f ) ,  where P is a part i t ion:  

a = xo < xl < . . .  < xn =b.  

W h a t  is m e a n t  by  a re f inement  of P ? If P* is a refinement of P show tha t  L(P, f )  <. 
L(P*, f )  a n d  U(P,  f )  >~ U(P*,  f ) .  

Hence show t h a t  if P a n d  P '  are part i t ions of [a, b] then L(P,  f )  <~ U(P' ,  f ) .  

Suppose P ( n )  are pa r t i t i ons  of [a, b], where b > 0, of the form x~ = ah ~, r = 0 , . . . ,  n, 
ah ~ = b.. 

Write down U ( P ( n ) ,  x 2) a n d  show directly ( tha t  is, wi thout  using the fact tha t  x 2 
is R i e ma nn  in tegrable)  t h a t  as n --* oc, U ( P ( n ) , x  2) ---, (b 3 - a3)/3.  

6. State  and  prove the  In tegra l  Test  for series. F ind  the limit of 

a s  Tt ---¢ (:x3. 

1 1 1 - -b ~ - b . . .  -t- - -  
n n +  1 2n 
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