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l 

All  questions may  be at tempted but only marks obtained on the best f o u r  solutions will 
count. 
The use of an electronic calculator is n o t  permit ted in this examinat ion .  

. (a) Suppose f is defined on an open interval  con ta in ing  a. Give a def ini t ion for f 
to be cont inuous  at  a. Give a definit ion for f to  be  dif ferent iable  a t  a. Show 
that ,  if f is differentiable at  a, f mus t  be cont inuous  at  a. 

(b) If f is defined on ~ and  I f ( x ) -  f (Y) l  <. I x - y[2 for all real  x and  y, show t h a t  
f must  be cons tant .  

(c) Suppose f is defined on IR, f ( x )  = 1 when  x :fi 0 and  f ( 0 )  -- 0. Is the re  a 
function F ( x )  wi th  the  proper ty  tha t  F ' ( x )  = f ( x )  for all rea l  x?  ( Jus t i fy  your  
answer.) 

o o  o o  

2. W h a t  is meant  by the  radius  of convergence of a power series ~ a,.,x '~ ? Let  ~ anx n 
n ~ 0  n D ~ 0  

o o  

be a power series wi th  lim lanl~ = •, where  0 < l < oo. Show t h a t  Y~ anx n has 
'n.-"* ~ ' n ~ O  

1 
radius of convergence ~. F ind  the  radius of convergence of t he  fol lowing series: 

(a) x +  2x 2 + 3x 3 + - . .  + n x  n + . . .  

(b) x + 4 x  2 + 27x 3 + 16x 4 + - - -  + (2n)2x 2n + ( 2 n +  1)3x 2"+1 + - - -  

(c) 1 + 3x + 52x 2 + 33x 3 + . - -  + 5 2 n x  2n + 32n+lx 2n+1 + . . .  

. (a) State and  prove Cauchy ' s  Mean  Value T h e o r e m  (you m a y  a s sume  Rol le ' s  The-  
orem). 

(b) State L 'H6pi ta l ' s  Rule. Use L 'HSpi ta l ' s  Rule  to  eva lua te  t h e  fol lowing l imits:  

cos ~x  as x --~ 1, 
(i) x2--- ~ 

(ii) l o g ( 4 -  x) 
(x 2 _ 9)1/2 as x --. 3 from above, 

• l r  4 

(iii) (x - ~) as x --* -~ 
c o s  x -  Toot 2 x 2" 
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. (a) State  and  prove Taylor's Theorem, giving the Cauchy and the Lagrange form 
of the  remainder.  

(b) F ind  the  series expansion of the following: 

(i) log(1 + x), 
(ii) log(1 + x2), 

(iii) log(1 + x + x 2 + x3). 

. (a) W h a t  is meant  by a parti t ion P of a closed interval [a, b]? Suppose f is a 
bounded  function on [a, b]. Define the Upper Riemann Sum, U(P, f) ,  and the 
Lower Riemann  Sum, L(P, f). W h a t  does it mean to say that  f is Riemann 
Integrable? 

(b) Show tha t  if f is monotonic it is R iemann  Integrable (You may use a general 
Theorem.  If you do, you must quote it clearly.) 

6. State and  prove the Fundamenta l  Theorem of Calculus. 
Theorem. If you do, you must  quote it clearly.) 

Find Gl(x) in each of the following cases: 

j x 1 dr, 
(a) G(x) = exp(t) + 1 

f x2 dr, 1 
(b) G(x) = exp(t) + 1 

1 
z 1 

(c) G(x)= [I; 
J 1  exp(t) + 1 

dr. 

(You may use a general 
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