
UNIVERSITY COLLEGE LONDON 

University of London 

EXAMINATION FOR INTERNAL STUDENTS 

For The Following Qualifications:- 

B.Sc. M.Sci. 

Mathemat ics  M11A:  Ana lys is  I 

COURSE CODE : M A T H M 1 1 A  

UNIT VALUE : 0 .50 

DATE : 0 5 - M A Y - 0 6  

TIME : 14.30 

TIME ALLOWED : 2 Hours  

06-C1034-3-220 
© 2006 Universi~ College London TURN OVER 



All quest ions may  be a t tempted  but only m a r k s  obtained on the best f o u r  solut ions  will  

count. 
The use of an electronic calculator is n o t  permi t t ed  in this e xamina t ion .  

1. W h a t  does it mean to say tha t  a sequence (xn) converges to  a l imit L? 

Let  (x,,) be an increasing sequence t ha t  is bounded  above: prove t ha t  (xn) converges. 

State  and prove the Bolzano-Weierstrass Theorem.  (You m a y  assume an analogue 
of the  second par t  of the  question,  for decreasing sequences.)  

2. You are given the following fact: if (xk)~  is a sequence converging to s then  

1 n-1 
- -  E X k ---~ S a s  Tt --~ 0 0 .  
n 

k----0 

Let  the  sequence (xn) be defined induct ively  by 

X0 = 0 

1 n-1 
xn = 1 + -  ) .xk f o r n  /> 1. 

n 
k----0 

Prove tha t  the  sequence does not  converge. 

Calculate the first few te rms  of the  sequence.  By consider ing the  successive differ- 
ences x~ - x~-l ,  of the  te rms  you have calculated,  guess a formula  for the  general  
t e rm Xn. 

Use the  inductive definition to show tha t  

nxn  - (n  - 1)Xn_l = xn-1 + 1 

and hence confirm your guess. 
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3. Prove  t h a t  the  series 

converges  is s > 1. 

oo  

n s 
n=l 

For which  real values of x does the  following series converge? 

oo 
X n 

n = l  

Jus t i fy  your  answer carefully. 

[You m a y  assume s t a n d a r d  convergence tests provided tha t  you s tate  them clearly.] 

. For t h e  purposes  of this  quest ion you may  assume tha t  

l o g x ~ x - 1  for e v e r y x > 0 .  

Use inequa l i ty  (1) to  prove t ha t  

log x / >  1 _ _1 for every x > 0. 
x 

Show t h a t  for each na tu ra l  number  n 

0~< 1-n-l°g(l+l) ~< 1 

D e d u c e  t h a t  the  series 

n (n  + 1)" 

°°(1 ( 1 ) ) 1  
E - log + 
n = l  

converges  and tha t  the  sum is at  most  1. 

Show t h a t  t he  sequence whose mth te rm is 

converges  to a number  between 0 and 1. 

(i) 
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5. State and prove the Cauchy-Schwarz inequality. 

Let (xk)~ be a finite sequence of positive numbers. Show tha t  

r 
1 ~<1 '~ 

- -  Xk. 
n 

k= l  k = l  

Assuming the A M / G M  inequality, 

1 
ak ~ -- ak 

n 
k= l  k--1 

for positive numbers, show that  the geometric mean  

lies between the two expressions in inequality (2). 

(2) 

. W h a t  does it mean to say tha t  a real function defined on R is continuous? 

State and prove the intermediate value theorem for a continuous function f : R ---* R.  

Let p : R --- l:t be the polynomial given by 

p ( z )  = z 3 + z - 1.  

Prove that  there is a real number t with p(t)  = O. 
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