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All questions may be attempted but only marks obtained on the best four  solutions will 
count. 

The use of an electronic calculator is not  permitted in this examination. 

. (a) Let d 6 g be square-free integer and suppose d # 1. 

P r ove: 

( i )  i f  d _~ 1 mod 4 then {1, v'~} is an integral basis in Q(v'~); 

(ii) if d = 1 mod 4 then {1, 1+'/212 j is an integral basis in Q(v/-d). 

(b) Find an integral basis in the field Q(c~), where o~ is a zero of the polynomial 
X a + 2X + 2. 

2. Let p be an odd prime number and let C be a primitive p-th root of unity. Let 
A=¢-I. 

(a) Write down the minimal polynomial of ¢. 

Hence find the minimal polynomial of A. 

Find N(¢) and N(1). 

(b) Consider the basis {1 ,1 , . . . ,A  p-2} of the field Q(~'). 

Show that  A{1, A, . . . ,  A p-2} = -t-7 -2. Any formulae for discriminants which 
you use should be clearly stated. 

Prove that { 1 , ) , . . . ,  A p-2} is an integral basis in Q(¢). You may assume that 
A p-1 divides p in the ring of algebraic integers in Q(C). 

. (a) Let O be the ring of algebraic integers in an algebraic number field k. Prove 
that  for non-zero ideals I, J of ~, 

N ( I J )  = N ( I ) N ( J ) .  

(b) Calculate the norm of the ideal I = (6,2 + v/-Z~) of z [ ~ ] .  

Hence or otherwise show that Z[x/-Z~] is not a principal ideal domain. 

Factorize the ideal (6,2 + x/Z-~} into prime ideals of Z[ -x/7~]. 
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. (a) State and prove Dedekind's Prime Factorization Theorem. 

(b) (' ,nsider the field k = Q(a), where c~ is a zero of the polynomial 
f ( X )  = X 3 + X + 3 .  

Show that  the ring of algebraic integers in k is Z[c~]. 

Factorize the ideals <2}, <3> and (a + 4> into maximal ideals of z[~]. 

5. Calculate the class group of the field Q(v/-L-~), giving a representative for each 
ideal class and a multiplication table for the group. 
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