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All  questions may be attempted but only marks obtained on the best f o u r  solutions will 
count. The use of an electronic calculator is n o t  permitted in this examination. 
Throughout all rings are commutative with a 1 and and all free modules are assumed to be 
of finite rank. 

1. Define the following terms for the integral domain R : 

(i) atom, (ii) prime, (iii) unique factorization domain. 

(a) Show that  every prime is an atom. 

(b) If every non-zero, non-unit element of R is a product  of primes, show tha t  R is a 
unique factorization domain. 

(c) Find all the factorizations of 16 in Z [ x / ~  as a product  of a toms to within 
associates and to within order. Hence show that  Z[x/'Z7] is no t  a unique 
factorization domain and that ,  in particular,  16 is not  the p roduc t  of primes. 

[You may assume, without proof, any standard results about  the  integral 
domains Z [ V ~  where m E Z and m ~< -1.]  

2. Let RM be an R-module. State what  it means to say tha t  P is a submodule  of M.  
Describe, without proof, how M / P  can be given an R-module s t ruc ture  and state, 
without proof, what are the submodules of M/P.  

(a) Wha t  does it mean to say that  M is finitely generated? Show t h a t  if this is the 
case, then M / P  is also fmitely generated. 

(b) Suppose tha t  both P and M / P  are finitely generated. Show t h a t  M is finitely 
generated. 

(c) Show that  every submodule of a free module RM over a pr incipal  ideal domain 
R is finitely generated with a generating set with at  most n elements, where 
r (M)  = n. Hence or otherwise show that  every submodule of a finitely 
generated module over a principal ideal domain is finitely generated.  

[For (c) you may assume any standard results about  free modules,  which you 
require for your proof.] 
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3. Let (R, N)  be a Eucl idean  domain and A E tuRn. Define the Smith Normal Form of 
A and s ta te  to w h a t  extent  it is unique. Describe, with proof, how to reduce A to 
Smith Normal Form. Briefly describe, without proof, how to show tha t  the Smith 
Normal Form of A is unique. 

0 2 4 

Let A ----- 2 4 6 E 4Z3. Find the Smith  Normal Form of A. 
2 6 10 

- 2  0 7 

4. (a) 

(b) 

(c) 

(d) 

Define the tors ion submodule T ( M )  of a module M over an integral domain R. 
Show tha t  T ( M )  is actual ly  a submodule of M.  

State,  wi thout  proof, the  classification of finitely generated modules RM o v e r  a 
principal ideal  domain  R. Identify, with proof, the torsion modules in this 
classification. 

Let  M be a f ini tely generated abelian group. Show tha t  M is a torsion group if 
and only if M is finite. 

F ind  all non-isomorphic  abelian groups of order 3000 by means of both 
elementary divisors and  invariant factors. 

In this classification identify the following abelian groups of order 3000 stating 
which are isomorphic  to each other. 

(i) 7/.5 @ Z8 (B 7/.loo, (ii) Z40 (~ 7/115 ~ ~'5, (iii) 7/.10 @ Zls • 7Z2 @ Z10, 

(iv)  .500 • z6 ,  (v) • 7.10 • Zlo, (vi) 7.1 s e z6 • 

. (a) Define the companion  matr ix  Cd of d E lF[x] where d is a monic polynomial of 
degree/> 1 and  IF is a field. 

(b) Let  c~ • V ~ V be a l inear map, where V is a finite-dimensional vector space 
over IF. Explain ,  wi thou t  proof, how V can be considered as a finitely generated 
torsion module  over IF[x]. 

(c) Suppose t h a t  c~: V ---. V gives rise to a cyclic IF[x] module V = F[x]v_---F[xl/(d), 
where v_E V and  d is the  minimum polynomial  of c~. Show tha t  V has a basis e 
such that  [a]e ~ = Cal. 

(d) Let A = 

1 0 0 - i ' ]  
0 1 --1 0 ] 4C4. 0 0 1 0 E By reducing the characteristic matrix of A 

0 0 0 1 

to Smith Normal  Form, find the Rational Canonical Form and the Jordan 
Normal Form of A. 
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