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Al l  quest ions may  be a t tempted  but only m a r k s  obtained on the best f o u r  solu t ions  wil l  

count. 
The use o f  an electronic calculator is n o t  p e r m i t t e d  in this examina t ion .  

. (a) Find integers h and k such tha t  

9h + l l k  = 1. 

(b) State and prove the Chinese R e m a i n d e r  Theorem. 

(c) Find the unique x C Z/99  such t h a t  

x - 3 mod 9 and  x -- 7 mod  11. 

(d) Prove that  there are infinitely m a n y  pr ime numbers  congruent  to  2 modu lo  3. 

. (a) (i) Find her(f ,  9) in Q[X] when f ( X )  = X a -  1 and g ( X )  = X 2 + 1. 

(ii) Find h, k ~ Q[X] such tha t  hc f ( f ,  g) = h f  + kg. 

(b) Let k be a field and f c k[X]. Define the  following: 

(i) f is irreducible, 

(ii) f is monic, 

(iii) deg(f ) .  

(c) Let p e k[X] be an irreducible polynomial .  Prove tha t  if P l f g  t hen  P l f  or Pig. 

(d) Suppose that  P l , . . . ,PT  and q l , . . . ,  qs are irreducible monie  polynomials  such 
that  

PiP2 • • • pT = qlq2 " • • qs. 

Prove that  r = s and (after reorder ing if necessary) Pi = qi for i = 1 , . . . ,  r. 
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. (a) Define the  min imal  polynomial of a linear map.  

(b) Prove t h a t  the min ima l  polynomial  exists and  is unique. 

(c) Explain what  is m e a n t  by a generalized eigenspace and state (but do not  
prove) the  primary  decomposition theorem. 

(d) Prove t h a t  a ma t r ix  is diagonalizable if and  only if its minimal polynomial  is 
a p roduc t  of dis t inct  l inear factors. 

(e) Find the  minimal  po lynomia l  of the  mat r ix  

A =  2 . 
0 3] 

Hence de te rmine  wh e the r  A is diagonalizable over Q. 

. (a) Define the  following terms. 

(i) J o r d a n  block matr ix .  

(ii) Jo rdan  basis. 

(b) In each of the following cases find the  Jo rdan  normal  form of the matr ix  A. 

(i) ChA(X) = (X - 1) 2 , m A ( X ) =  X -  1. 

(ii) ChA(X) = m A ( X )  = ( X  - 3) '°. 

(iii) ChA(X) -- (X - 6) 3, m A ( X )  = ( X  - 6) 2. 

(iv) c h a ( X )  = (X - 1) l° (X - 2) '°, m A ( X )  = ( X  - 1)6(X - 2) 4, 
nul l (A - I)  = 4, r ank(A - 21) = 16 and null((A - 2I) 2) = 8. 

(c) Let V be the vector space of polynomials  of degree at  most  two 

V = {a0 + a ,x  + a2z21ao,  a, ,a2 c C}. 

Let a : V --~ V be the  linear map defined by 

d2f 4f. 
a ( f ) -  

Find the  Jordan canonical  form of a. 
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. (a) S ta te  and  prove Sylvester ' s  Law of Inertia.  

(b) Consider  the following quadra t ic  forms: 

ql = x 2 + 2xy + 2x z  + 3y 2 + 2yz  + 2z 2, 

q2 = 2x 2 + 8xy + 4xz  + 2y 2 + 8yz  + 6 2 .  

By finding their canonical  forms, determine whe the r  ql and q2 are 

(i) congruent  over R; 

(ii) congruent  over C. 

. (a) Let V be a vector space over C. W h a t  does it mean  to say tha t  (., .} is a 
posit ive definite Hermi t i an  form on V? 

(b) Using the  G r a m - S c h m i d t  process, find an o r thonorma l  basis for the  following 
vector space with respect  to the given inner product :  

V -- {a + bx" a ,b  • C}, ( f , g }  = f ( x ) g ( x ) d x .  

(c) Let V be a vector space over C with a posi t ive definite Hermi t ian  inner 
p roduc t  and let T • V --~ V be a self-adjoint l inear  map.  

(i) Show tha t  if U C_ V is an invariant subspace,  t hen  its or thogonal  
complement ,  U ±, is also invariant. 

(ii) S ta te  and prove the Spectral  Theorem. 
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