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All questions m a y  be attempted but only marks obtained on the best four  solutions will 

count. 
The use of  an electronic calculator is n o t  permitted in this examination. 

. (a) Let V be a finite dimensional vector space over R and let q be a quadratic 
form on V. 

(i) Explain what is meant  by a canonical form of q. 

(ii) Prove the existence and uniqueness of the  canonical form of q. (You may 
assume the existence of an orthogonal basis with respect to q). 

(b) Consider  the following quadratic forms: 

ql = xy  + 2xz  + 4yz,  q2 (x) y 
Z 

= x 2 + 4xy  + 2yz. 

Find t h e  real and complex canonical forms of ql and q2. Hence determine 
wh e the r  ql and q2 are equivalent (i) over R,  (ii) over C. 

. (a) Let V be a finite dimensional vector space with a basis N = { b l , . . . ,  bn}. 

Define the  dual space V*. 

Define the  dual basis ~3" = { b ~ , . . . ,  b*}. 

Define the  canonical map V ~ V** and prove that  this map is an 
i somorphism of vector spaces. 

(b) For a linear map T : V -+ W, define the  adjoint T* of T. 

Show tha t  (T + U)* = T* + U*, where T and U are linear maps from V to W. 

Show tha t  for v E V we have T**(v**) = T(v)**, where T** denotes the 
adjoint  of T*. 
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. (a) Let V be a finite dimensional Euclidean space and let T " V --~ V be a 
self-adjoint linear map. 

Show that  for any eigenvector v of T, 

T({v}') C {v}'. 

Show that  there is an orthonormal basis of V consisting of eigenvectors of T. 
(You may assume that  all eigenvalues of T are real). 

(b) Consider the following matrix: 

A = 1 - 2  2 
- 2  

Find an orthogonal matr ix  M such that M-1AM is diagonal. 

. (a) Let V be an n-dimensional  vector space and let ~3 = { b l , . . . ,  b~} be a basis of 
V. 

Show that  for every n-linear alternating form f on V we have 

n 

f(vl, . . . ,v~) = f(b,,...,b~) E sign(a) I I  b*~(i)(vl)" 
aES~ i=1 

(You may assume that  f(v~(1), . . . ,  re(n)): sign(a)f(vl,..., vn).) 
(b) Let V be an n-dimensional  vector space and let f be a non-zero alternating 

n-linear form on V. 

Show tha t  f (vl , . . . ,  vn) = 0 if and only if { v l , . . . ,  v~} is l inearly dependent.  

(c) Let T : V --+ V be a linear map. 

Define the the de terminant  of T in terms of al ternat ing forms on V. 

Prove from the definition that  det(T o U) = det(T)  det(U).  
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. (a) Consider the polynomials 

f ( x )  = x 4 + 1, g ( x )  = x 3 + 1. 

Find polynomials p, q C Q[x] such that p f  + qg = 1. 

Suppose c~ C C satisfies f(c~) = 0. Find rational numbers a, b, c, d such that  

1 
- -  - ac~ 3 + bc~ 2 + ca  + d. 
o~3+1 

(b) Let V be a vector space over C and let T : V -4 V be a linear map. 

Define the m i n i m a l  po lynomial  m T  of T and prove that  mT is a factor of the 
characteristic polynomial chT. (You may assume the Cayley-Hamilton 
Theorem). 

Prove that  if A is an eigenvector of T then rnT(£) = 0. 

. (a) Explain carefully what it means for a matrix to be in Jordan canonical form. 

(b) Consider the following matrix 

11 11 11 ) 
A _ _  _ _  _ _  - -  o 

0 0 0 

(c) 

Find (i) the characteristic polynomial of A; (ii) the minimal polynomial of A; 
(iii) the Jordan canonical form of A; (iv) a Jordan basis. 

Let T : C ~ --4 C 7 be a linear map with characteristic polynomial 
c h T ( X )  = ( X  - 1)4(X - 3) a and minimal polynomial  
r a T ( X )  : ( X  - 1 ) 2 ( X-  3). 

(i) List all possibilities for the Jordan canonical form of T. 

(ii) Given that  T - id has nullity 3, identify the correct Jordan canonical 
form of T. 
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